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Abstract

For a maximal torus in a quasi-split semi-simple simply-connected group over
a local field of characteristic 0, Langlands and Shelstad construct in [LS1] a coho-
mological invariant called the splitting invariant, which is an important component
of their endoscopic transfer factors. We study this invariant in the case of a split
real group and prove a decomposition theorem which expresses this invariant for a
general torus as a product of the corresponding invariants for simple tori. We also
show how this reduction formula allows for the comparison of splitting invariants
between different tori in the given real group.

In applications of harmonic analysis and representation theory of reductive groups over
local fields to questions in number theory, a central role is played by the theory of en-
doscopy. This theory associates to a given connected reductive group G over a local
field F a collection of connected reductive groups over F, often denoted by H, which
have smaller dimension (except when H = G), but are usually not subgroups of G.
The geometric side of the theory is then concerned with transferring functions on G(F)
to functions on H(F) in such a way that suitable linear combinations of their orbital
integrals are comparable, while the spectral side is concerned with transferring “pack-
ets” of representations on H(F) to “packets” of representations on G(F) in such a way
that suitable linear combinations of their characters are comparable. In both cases, the
comparison involves certain normalizing factors, called geometric or spectral transfer
factors.

Over the real numbers, the theory of endoscopy was developed by Diana Shelstad in a
series of profound papers including [S1], [S2], [S3], [S4] (but see also [S6], [S7], [S8]
for a more modern point of view and additional results), in which she defines geometric
and spectral transfer factors and proves that these factors indeed give a comparison of
orbital integrals and character formulas between G and H. A very subtle and compli-
cated feature of the transfer factors was the need to assign a +-sign to each maximal
torus in G in a coherent manner, and Shelstad was able to prove that this is possible.
A uniform and explicit definition of geometric transfer factors for all local fields was
given in [LS1]. An explicit construction of spectral transfer factors over the real num-
bers was given in [S7], while over the p-adic numbers their existence is still conjectural
(see however [Kal] for a proof of the spectral transfer in a special case). The structure
of transfer factors is quite complex — both the geometric and the real spectral ones are a
product of multiple terms of group-theoretic or Galois-cohomological nature. There are
numerous choices involved in the construction of each individual term, but the product
is independent of most choices. One term that is common to both the geometric and
the real spectral transfer factors is called A;. It is regarded as the most subtle and is the
one that makes explicit the choice of coherent collection of signs in Shelstad’s earlier
work. At its heart is a Galois-cohomological object, called the splitting invariant. The
splitting invariant is an element of H'(F,T) associated to any maximal torus 7 of a
quasi-split semi-simple simply-connected group G, whose construction occupies the
first half of [LS1, Sec.2]. It depends on the choice of a splitting (T, By, {X4}aea) of G
as well as a-data {ag)ger(r,G).-
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This paper addresses the following question. If one has two maximal tori in a given
real group which originate from the same endoscopic group, how can one compare
their splitting invariants? While there will in general be no direct relation between
H'(F,T,) and H'(F, T,) for two maximal tori 7} and T, of G, if both those tori origi-
nate from H then there are certain natural quotients of their cohomology groups which
are comparable, and it is the image of the splitting invariant in those quotients that is
relevant to the construction of A;. An example of a situation where this problem arises
is the stabilization of the topological trace formula of Goresky-MacPherson. One is
led to consider characters of virtual representations which occur as sums indexed over
tori in G that originate from the same endoscopic group H, and each summand carries
a Aj-factor associated to the corresponding torus.

To describe the results of this paper, we take G to be a split simply-connected real
group and (T, By, {Xa}eea) be a fixed splitting. For a set A consisting of roots of T
in G which are pairwise strongly orthogonal, let S 4 denote the element of the Weyl
group of Ty given by the product of the reflections associated to the elements of A (the
order in which the product is taken is irrelevant). We show that associated to A there is
a canonical maximal torus T4 of G and a set of isomorphisms of real tori Tg 4 Ty,

where Tg * is the twist by S 4 of Ty. Any maximal torus in G is G(R)-conjugate to one
of the T4, so it is enough to study the tori 74. We give an expression in purely root-
theoretic terms for a certain 1-cocycle in Z' (R, Tg *). This cocycle has the property that
its image in Z'(R, T4) under any of the isomorphisms 754 — T, above is the same,
and the class in H'(R, T,4) of that image is the splitting invariant of T, (associated to a
specific choice of a-data). Moreover, we prove a reduction theorem which shows that
this cocycle is a product over @ € A of the cocycles associated to the canonical tori
T'(q), thereby reducing the study of the splitting invariant of T4 to those of the various
T(- This product decomposition takes place inside the group Z!(R, T(f 4) — that is, we
show that the elements of Z!(R, TS“) associated to the various T, with @ € A also
lie in Z'(R, Tg *) and that their product is the element associated to T4. Finally we
show that if A” ¢ A and the tori T4 and T4 originate from the same endoscopic group,
then the endoscopic characters on the cohomology groups H' (R, T4) and H' (R, T4)
factor through certain explicitly given quotients of these groups, and the quotient of
H' R, Ty) is canonically embedded into that of H (R, T,). This, together with the
reduction theorem, allows for a direct comparison of the values that the endoscopic
characters associate to the splitting invariants for 74 and T'4.

Our techniques rely heavily on the study of sets of strongly orthogonal roots in root
systems and the fact that each element of order 2 in the Weyl group of a root system is
of the form S 4 for some set A consisting of strongly orthogonal roots. In a split real
group the Galois action on any maximal torus is realized by such an element. This is
the reason why we restrict our attention to such groups. It may be possible to use our
techniques also in the case of non-split quasi-split groups which possess an anisotropic
maximal torus, for then the Galois-action on any maximal torus is of the form —S 4, but
we have not pursued this line of thought here.

The paper is organized as follows: Section 1 contains a few basic facts and serves
mainly to fix notation for the rest of the paper. Section 2 contains proofs of general
facts about subsets of strongly orthogonal roots in reduced root systems, which are
needed as a preparation for the reduction theorem mentioned above. The study of the
splitting invariants takes place in Section 3, where first the splitting invariant for the
tori T,y is computed, and after that the results of Section 2 are used to reduce the case
of Ty to that of Ty,y. While the statement of the reduction theorem appears natural and
clear, the proof contains some subtle points. First, one has to choose the Borel By in
the splitting of G with care according to the strongly orthogonal set A. As remarked in



Section 3, this choice does not affect the splitting invariant, but it significantly affects
its computation. Moreover, the root system G, exhibits a singular behavior among
all reduced root systems as far as pairs of strongly-orthogonal roots are concerned.
Section 4 contains explicit computations of the splitting invariants of the tori T, for
all split almost-simple classical groups. In Section 5 we construct the aforementioned
quotients of the cohomology groups and the embedding between them. Moreover we
show that the endoscopic character factors through these quotients and is compatible
with the constructed embedding.

We would like to thank the referee for a careful reading of the manuscript and for
helpful and insightful comments, in particular about the origin and motivation of the
splitting invariant, which we have included in Section 3.

1 Notation and preliminaries

Throughout this paper G will stand for a split semi-simple simply-connected group
over R and (B, Ty, {X,}) will be a splitting of G. We write R = R(Ty, G) for the set
of roots of Ty in G, set @ > 0 if @ € R(Ty, By), denote by A the set of simple roots in
R(Ty, By) and by Q the Weyl-group of R, which is identified with N(T)/Ty. Moreover
we put I' = Gal(C/R) and denote by o both the non-trivial element in that group, as
well as its action on Ty. The notation g € G will be shorthand for g € G(C), and
Int(g)h = ghg™".

1.1  sl,-triples

For any a € R(Ty, By) we have the coroot @ : G,, — T, and its differential da" :
G, — Lie(Ty). We put H, := da"(1) € Lie(Ty). Given X, € Lie(G), non-zero, there
exists a unique X_, € Lie(G)—, so that [H,, X,, X_.] is an sl,-triple. The map

10 0 1 00
[o & )rm (56 )mx (1 5)x

gives a homomorphism s/, — Lie(G) which integrates to a homomorphism SL, — G
and one has

sl Lie(G)
exp exp
SL, G

a b

The image of ( ) € SL, under this homomorphism will be called ( a b )x .

c d c

Notice that( - )x = a(1).

Fact 1.1. Let o, € Rbe s.t. a+ B ¢ Rand a — B ¢ R. For any non-zero elements
X, € Lie(G), and X € Lie(G)g, the homomorphisms ¢x,, ¢x, : SLo — G given by X,
and Xg commute.



Proof: Since for any field k, SL,(k) is generated by its two subgroups

(o et Al 7)oy

it is enough to show that, for any u,v € C, each of exp(uX,) and exp(uX_,) com-
mutes with each of exp(vX;) and exp(vX_g). This follows from [Spr, 10.1.4] and our
assumption on «, 8. m]

1.2 Chevalley bases

1

For a € A let n, = exp(X,)exp(—X_p)exp(Xy) = ( S )X . Given u € Q we have the
lift n(u) € N(T,) given by ’
n(ﬂ) =Ng, " n(xq

where s,, - - - 5, = u is any reduced expression (by [Spr, 11.2.9] this lift is independent
of the choice of reduced expression). Notice n(i) € N(Ty)(R) since T is split. Put

Xo = Int(n(w)) - X,

Then X,, € Lie(G),, is a non-zero element.

Lemma 1.2. Ifa,a’ € Aand u, i’ € Qare s.t. pa = p'a’ then we have in Lie(G),q the
equality

Xyl = l—l (—1)<B )  Xylo
B>0
WY <o
u'p>0

Proof: By [Spr, 11.2.11] the relation (u')~" - ua = o’ implies
Xy = Int [n ((y')_1 - )] X,

The claim now follows from [LS1, 2.1.A] and the following computation
Xpw = Int(n() Xo
= Int[n ) n (@) )] X
= Intfr (W, (@) w) - ()] Xa
= Int[r (', () 1) X
= (o) (1. ) '1) - X

O

Remark: We see that while the "absolute value” of X, only depends on the root i - a,
its ”sign” does depend on both y and a.

Definition 1.3. Fory e R, u,u’ € Q put

w.ymw= [] D
B>0
W)~'B<0
u'B>0



Remark: With this definition we can reformulate the above lemma as follows

Corollary 1.4. Ify € Rand i,/ € Q are s.t. u~'y, W)™y € A then

Xtgeyry = €Wy, 10 - X1y

Remark: If for each y € R we choose u,, € Q so that /,t;ly € A, then {Xuylﬂ;‘y}VER is a
Chevalley system in the sense of [SGA3, exp XXIII §6].

1.3 Cayley-transforms

Let @ € R(Ty, By) and choose X, € Lie(G),(R) — {0}. Put
go 1= exp (2 (X + X.0))

Then 0°(24) = exp (— (X + X_o)) = g;' and 0(ga) ™" - g0 = 82 = exp (5 (X, + X_0))-
We have

L S R ) RO il A
g =|—=1 . s 8a=| s & = =a’'(-1)
[2 i1 X, i 0 X, 0 -1 X,

Fact 1.5. The images of Ty under Int(g,) and Int(g;l) are the same. They are a torus
T defined over R and the transports of the I'-action on T to Ty via Int(g;l) and Int(g,)
both equal s, > .

Proof:
Int(g,)To = Int(g; " )Int(g2)To = Int(g,")saTo = Int(g," )Ty
o (Int(2,)To) = Int(o(g4))To = Int(g;")To
Int((22)"' 80) = Int(g2) = s = Int(g;?) = Int(o(ga)g;")
O
Note: Different choices of X, will lead to different (yet conjugate) tori 7. However,

since we have fixed a splitting there is up to a sign a canonical X,. Changing the sign
of X, changes g, to g;', hence T does not change. Thus we conclude:

The choice of a splitting gives for each @ € R(T, By) the following canonical data:

1. apair {X, X’} C Lie(G),(R) — {0} with X’ = -X
2. atorus T, on which I acts via s, = o,

3. a pair ¢, ¢’ of isomorphisms T;* — T, s.t. ¢ = ¢ o s,, given by the Cayley-
transforms with respect to X, X'.

Corollary 1.6. For a € R(Ty, By) let T, be the canonically given torus as above. For
w € Qst o la, (W) e e Alet ¢ T, — T, be the isomorphisms given by

Int(gxw_la) and Int(gxﬂ,‘w,)_la). Then
o= 1% e a ) =1
posa €W, a,pu)=-1
Proof: Clear. O

Notation: From now on we will write g, , instead of 8X 1, This notation will only
be employed in the case that a € R(Ty, By) and u~'a € A.



2 Strongly orthogonal subsets of root systems

In this section, a few technical facts about strongly orthogonal subsets of root systems
are proved.

Definition 2.1.
1. a,B € R are called strongly orthogonal ifa + B ¢ Rand o — 8 ¢ R.

2. A C R is called a strongly orthogonal subset (SOS) if it consists of pairwise
strongly orthogonal roots.

3. A C Ris called a maximal strongly orthogonal subset (MSOS) if it is a SOS and
is not properly contained in a SOS.

A classification of the Weyl group orbits of MSOS in irreducible root systems was
given in [AK]. In some cases, there exists more than one orbit. To handle these cases,
we will use the following definition and lemma.

Definition 2.2. Let Aj,A; be SOS in R. A, will be called adapted to A if span(A;) C
span(A;) and for all distinct a,8 € A,

facA: (@) #0iNnfacA;: (a,B)+0}=0

where () is any Q-invariant scalar product on the real vector space spanned by R.

Note that any A is adapted to itself.

Lemma 2.3. There exist representatives Ay, ..., Ay of the Weyl group orbits of MSOS
s.t. Ay has maximal length and A,, ..., Ay are adapted to A,.

Proof: This follows from the explicit classification in [AK]. |

Notation: If A is a SOS then all reflections with respect to elements in A commute.
Their product will be denoted by S 4.

Definition 2.4. For a root system R, a choice of positive roots >, and a subset A of R
let #(R, >, A) be the following statement

Yaj,ap e AVE >0
a1 #£ay A 50,(B) <0 = 50,,(8) >0

and let ##(R, >, A) be the following statement

VA,Ay CA V>0
ATNA =0 A SAl(ﬂ)<0=>SA2(ﬁ)>O A SAlsAz(ﬂ)<0

Remark: We will soon show that these statements are equivalent. Moreover we will
show that for any SOS A C R we can choose > so that the triple (R, >, A) verifies these
statements. For this it is more convenient to work with #. For the applications however,
we need ##.

Lemma 2.5. Let R be a reduced root system and A C R a SOS. There exists a choice
of positive roots > s.t. #(R,>, A") holds for any A" adapted to A.



Proof: Let V denote the real vector space spanned by R, and (, ) be an Q-invariant
scalar product on V. The elements of A are orthogonal wrt ( , ). Extend A to an
orthogonal basis (aj, ..., a,) of V. Define the following notion of positivity on R

a>0=(a,a,)>0 for ip = min{i : (a,a;) # 0}
It is clear from the construction that with this notion #(R, >, A’) is satisfied for any A’

adapted to A. We just need to check that > 0 defines a choice of positive roots, which
we will now do.

It is clear that for each @ € R precisely one of @ > 0 or —a@ > 0 is true. We will
construct p € Vs.t. forall@ € R

a>0= (a,p) >0

Let

3
I

min{|(a,a;)| : @« €R,1<i<n,(a aq)%0)

max{|(@,a)|: a €R,1<i<n)

<
I

Construct recursively real numbers py, ..., p, s.t.
M
pn=1 pi>— Zpk
m &
k>i

and put p = Y, p;a;. If @ € Ris s.t. @ > 0 and i is the smallest i s.t. (@, a;) # 0 then

(a,p) = Zp,-(a, a;) > mpj, — MZpk >0

i=iy k>i(]
Thus
a>0=(a,p)>0

The converse implication follows formally:
(>0 -a>0=(-a,p) >0==((a,p) >0)
]

Remark: The truth value of the statement #(R, >, A) and the notion of being adapted to
A are unchanged if one replaces elements of A by their negatives. Thus we can always
assume that the elements of A are positive.

Remark: It is necessary to choose the set of positive roots based on A in order for
#(R,>,A) to be true. An example that #(R, >, A) may be false is provided by V =

R3, R = D with positive roots
1 0
01,11
1 1

HEEH
YBEn

Fact 2.6. Let R = G, and > any choice of positive roots. All MSOS A of R lie in
the same Weyl-orbit and moreover automatically satisfy #(R,>,A). Some of these A
contain simple roots.

and




Proof: This is an immediate observation. O
Proposition 2.7. Let A C R be a SOS and > be a choice of positive roots. Then the
statements #(R, >, A) and ##(R, >, A) are equivalent.

Proof: First, we show that # implies the following statement, to be called #;:

Yai,as €AVﬂ>0
a1 #ay A S (B) <0 = 5,,(8) >0 A 54,52,(8) <0

Let aj,a2 € Aand § > 0 be s.t. 54,(8) < 0. Put f/ = —s,,(6). Then g’ > 0 and
Sa,(8") = =B < 0. Then # implies that s,,5q, (8) = —S4,(B8') < 0.

Next we show that #; implies the following statement, to be called #,:

VYa, € AYVA, CAVYE >0
a1 €A A 54,(8) <0 = S54,B) >0 A 54,54, <0

We do this by induction of the cardinality of A,, the case of A, singleton being precisely
#. Now leta; € A, A, C A\ {a;}, and B > 0 be s.t. 5,,(5) < 0. Choose a, € A, and
put 8’ := 50,(6). Then by #; we have 8’ > 0 and s,,(8’) < 0. Applying the inductive
hypothesis we obtain S 4,(8) = S a,\j,)(B") > 0 and 54,5 4,(8) = 50,5 A\ (B") < 0.

Now we show that #, implies the following statement, to be called b:
If A, c Aand B > 0 are s.t. S4,(8) < 0 then there exists @, € A s.t. 54,(8) < 0.

To see this, let A3 C A, be a subset of minimal size s.t. §4,(8) < 0. Take a3 € A3
and put 8’ = S 4,\(a;)(B). By minimality of A3 we have 8’ > 0, and moreover s,,(8") =
S 4,(8) < 0. Then #, implies that $4,(5) = 54,5 a;\(as)(B) < 0.

Finally we show that #, implies the statement ##. Take A}, A, C As.t. AiNA; =0 and
B> 0s.t. S4,(B) <0. Byb there exists a1 € A; s.t. 54,(8) < 0. Since a1 ¢ A, we get
from #, that SAz(ﬁ) > 0 and SAISAZ(ﬂ) = S(LVlSAzSA[\{(I[](B) <0.

This shows that # imples ##. The converse implication is trivial. O

Proposition 2.8. For an SOS A C R, and a choice > of positive roots, let
Ri={BER: B>0 A S,8<0}

Assume that > is chosen so that ##(R, >, A) is true. Then if A’, A” C A are disjoint, so

are R}, and R}, and R}, .., = R}, URY,,. Moreover, the action of S 4 on R preserves
R+
A/l'

Proof: This follows immediately. O

Corollary 2.9. If A is a SOS and > is chosen so that #(R, >, A) is true then
Ry =] |&;

a€A

Proof: Clear.



Lemma 2.10. Let R be a root system, V the real vector space spanned by it, Q C V the
root lattice, and ( , ) a Weyl-invariant scalar product on V. If v € Q is s.t.

[v] < min{|e| : @ € R}

where | | is the Euclidian norm arising from (,) then v € R and the above inequality is
an equality.

Proof: Choose a presentation

V= Z NeQ, Ny € Zso

a€R

s.t. X, Ne is minimal. First we claim that if @,8 € R contribute to this sum, then
(a,B) = 0. If that were not the case, then by [Bou, Ch.VL,§1,n0.3,Thm.1] we have
that y := @ + 8 € R U {0} and we can replace the contribution a + § in the sum by v,
contradicting its minimality. Now, if y € R is any root contributing to the sum, we get

WP = " nang(a.B) 2 n2(r,7) = (1,7) = h?
a,BER

with equality precisely when v = y. O

Lemma 2.11. Let R be a root system and «,f3 € R two strongly orthogonal roots. If
a¥ +BY €2QY, then a, B belong to the same copy of G.

Proof: Let V denote the real vector space spanned by R. Choose a Weyl-invariant
scalar product (, ) and use it to identify V with its dual and regard R" as a root system
inV.

Assume now that a¥ + 8" € 2Q". Note that " and 8" are orthogonal (but may not be
strongly orthogonal elements of RY).

First we show that then a, 8 belong to the same irreducible piece of R. To that end,
assume that R decomposes as R = R} LI R, and V decomposes accordingly as V| @ V5.
If @ € Ry and B € R;, then @¥ € V; and B¥ € V,. Then %(av + BY) € QY implies
V. 38" € Q5 (project orthogonally onto V; resp V5). This however contradicts
the above lemma, because %av has length strictly less then the shortest elements in RY .

1V
sa' €

Knowing that a, S lie in the same irreducible piece we can now assume wlog that R
is irreducible. Normalize (, ) so that the short roots in R have length 1. We have the
following cases

e All elements of R have length 1. Then all elements of R¥ have length 2. The
length of %(av +BY) is V2, which by the above lemma is not a length of an
element in QV.

e R contains elements of lengths 1 and V2. Then R contains elements of lengths
V2 and 2.

— If both ", 8" have length V2, then %(a/v + BY) has length 1, so is not in
QY.

— If @" has length V2 and 8" has length 2, then %(a,v +8) has length $’ s
again is not in QV.



— If both @, 8" have length 2, then %(a/v + ") has length V2 and thus could
potentially be in QY. If it is, then by the above lemma it is also in RV,
so 1(@” + Y)Y must be an element of R. One immediately computes that
[3(@ +BY)]Y = a+p, but the latter is not an element of R because a, 3 are
strongly orthogonal.

e R has elements of lengths 1 and V3. Then R is G, and RY is also G,. As
one sees immediately, up to the action of its Weyl-group, G, has a unique pair
of orthogonal roots, which are then automatically strongly orthogonal and half
their sum is also a root.

3 Splitting invariants

Recall that we have fixed a split semi-simple and simply-connected group G over R
and a splitting (T, By, {X,}) of it. Given a maximal torus 7, an element 1 € G s.t.
Int(h)To = T, and a-data {ag} for R(T, G), Langlands and Shelstad construct in [LS1,
2.3] a certain element of Z'(T', T'), whose image in H'(I', T) they call A(T) — the “split-
ting invariant” of 7. They show that this image is independent of the choice of i. The
introduction of this invariant is motivated by a (general) calculation in Langlands’ pa-
per [L1], which is the basis for [LS1, 5.4]. It is also used by Shelstad to give an explicit
formula for regular unipotent germs of p-adic groups [S5].

In this section we want to study this splitting invariant in such a way that enables us to
see how it varies when the torus varies. It turns out that a certain type of a-data is very
well suited for this. This a-data is determined by a Borel subgroup B D T as follows:

i LB>0A07r(B) <0
—-i ,B<0A0r(B)>0
1 ,B>0A07(B)>0
-1 ,B<0A07r(B) <0

CZ/;—

where o7 denotes the Galois-action on X*(7") and 8 > 0 means 8 € R(T, B). We will
call this a-data B-a-data. We would like to alert the reader of a similar yet inequivalent
terminology — that of based a-data — which has been introduced by Shelstad and is also
specified by a choice of a Borel subgroup. For based a-data the positive imaginary roots
are assigned i while all other positive roots are assigned 1; for B-a-data, any positive
root whose Galois-conjugate is negative is assigned i. Therefore, a splitting invariant
computed using based a-data will in general be different from one computed using B-
a-data. The precise difference is given by [LS1, 2.3.2]. It is however more important to
note that according to [LS1, Lemma 3.2.C] this difference disappears once the splitting
invariant has been paired with an endoscopic character. Thus, as far applications to
transfer factors are concerned, based a-data and B-a-data give the same result.

In view of the reduction theorem which we will prove in section 3.2, it will be helpful
to consider not just the cohomology class, but the actual cocycle constructed in [LS1,
2.3]. We will denote this cocycle by A(T, B, h) to record its dependence on the B-a-
data and the element s, while the splitting (7o, By, {X,}) is not present in the notation
because it is assumed fixed. Since we are working over R, we will identify a 1-cocycle
and its value at o € Gal(C/R), and hence we will view A(T, B, h) as an element of T.
Given h, there is an obvious choice for B, namely Int(k)B,. We will write A(T, h) for

10



AT, Int(h)By, h). Note that in this notation, T is clearly redundant, because it equals
Int(h)T,. However, we keep it so that the notation is close to that in [LS1]. We would
like to alert the reader of one potential confusion — while the cohomology class of
A(T, B, h) is independent of the choice of A, that of A(T, h) is not, because in the latter

h influences not only the identification of Ty with T but also the choice of B-a-data for
T.

3.1 The splitting invariant for 7,

Recall from section 1.3 that for each a@ € R(T, By) there is a canonical maximal torus
T, and a pair of isomorphisms Tg” — T,. To fix one of the two, fix t € Qs.t. u 'a € A.
Then Int(g,,,) is one of the two isomorphisms T;* — T,. The goal of this section is to
compute A(T,, B, g,) for a given Borel B O T,, and in particular A(Tq, g,..). We will
give a formula for the latter in purely root-theoretic terms.

Lemma 3.1. With g := g, , we have

A(Ta, B, g) = Int()(” (i - dgotng1)) - Sa(T(0)57")

where

-1
0= l—[ ﬁv(aﬁolnt(gfl))
B>0
u'B<0

and o denotes complex conjugation on T.

Proof: Put u = n(u). We will first compute the cocycle A(T,, B, gu). The notation will
be as in [LS1, 2.3]. The pullback of the I"-action on T, to T via gu differs from o by

wr,(@) = Int((gw)o(gw) =Int(n) g™ o(@nw) =u" sop

Using that '« is simple, we compute the three factors of Int(gu)~' A(T,, B, gu):

1—[ ﬂv (aﬁ’OInt(gu)*l )

B>0
wr, (0)B<0
-1
= (/-l a’)v(a;fl(mInt(u*‘g’l))

= Int(u_l )(a'v(aaomt(g’l)))

0 1 _ 0 1
(-1 o)xl = i l)( 1 o)x

e e

x(o)

n(wr, (o))

a'(gu)’l(gu) Int(:[l)g2 = Int(ul)( O i )
i 0 ¥

e
Thus

AT, B, gu) = Int(gu)Int(u™") (e (dgotme)a (1)
From the proofs of [LS1, 2.3.A] and [LS1, 2.3.B] one sees that

AT, B, gu) = Int(g)(607,(6)™") - AT B. g)

where o7, is the transport of the action of complex conjugation on 7, to T via g. This
action is s, > 0. Notice that the term A~'o7(1) appearing in the proof of [LS1, 2.3.A]
is trivial since for us # = n(u) and hence A = 1. The claim now follows. O
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Before we turn to the computation of s,(c7(5))6~! we will need to take a closer look at
the following set.

Definition 3.2. For @ > 0 put R} = {,8 ER|B>0As,(B) < 0}

Lemma 3.3. Leta > Oand € Q be s.t. y~'a € A. Then the sets

{BERIB>0As4(B)<OAp"B <0}
and

(BERB>0AS5B)<OAu'B>0AB %0l
are disjoint and their union is R}, — {a}. The map
B —sa(B)
is an involution on R} — {a} which interchanges the above two sets.
Proof: Every f3 in the first set satisfies 8 # @ because u~'« is positive. Hence the first
set lies in R, — {a} and clearly the second also does. The fact that the two are disjoint

and cover R}, — {a} is obvious. Now to the bijection. Let 8 be an element in the first set,
and consider 5 = —s,(8). We have

Bta = ﬁia
5.(8)<0 = B>0
B>0 = s,8=-B<0

pB<0 = wB=psu(p) = 50176 >0
where the last inequality holds because u~'« is simple and

B>0=pB%-a= - 'Brula

Remark: A similar observation appears in [LS2, §4.3].

Lemma 3.4. We have

sa@@NS = [ ] [ @potmnie) 508 @5, potms) |
BeR}
1" B<0

Proof: According to the proof of part (a) of [LS1, 2.3.B] the contributions to ds4(c(5)) ™!
are as follows:

(D) BIB>0AUB<OA 5B <0}: B (Apotneer) ™

(2) BIB<OAUB<OAU " 5B <ONA 58> 0} : B (Agormie))
B) BIB>0AU"B<OAsB>0AE " 548> 0} : B (pornie) !
@) Blu'B>0NA5aB>0Au" 54 <0} : B Aporng)

We will use u"'s4(B) = s,-1,(u'B) and the fact that '@ is simple to show that the
last two sets are empty. In set (3), the conditions y~!8 < 0 and p~'s,8 > 0 imply

12



u B = —u'a, ie. B = —a, which contradicts 8 > 0. In set (4), the conditions
u'B>0and u's,B < 0imply B = a. Since @ > 0 this contradicts 5,8 > 0.

Next we claim (2) = s,((1)). We have
WiB<0Au 's,B<0ou 'B<0Au™ B+ —ua
from which we get
Q) ={-BIB>0ANB<OAU'B>0AB#0a)
Now (2) = 5,((1)) follows from Lemma 3.3.

From these considerations it follows that

-1
1_[ B (@gotnie1)) l_[ B (@gotne1))
Be(1) BE2)

-1
l_[ [IBV (aﬁolnl(g")) Saﬁv (asaﬁolnt(g‘l))]
pe(l)

5so(o ()

O

Let us recall our notation: @ € R is any positive root, u € Q is s.t. ,u‘la € A, and

& = 8u. is the Cayley-transform corresponding to X, ,-1,.

From Lemmas 3.1 and 3.4 we immediately get

Corollary 3.5.

. -
/l(Tav B, g) = Int(g) av(laaomt(g")) : 1_[ [Bv(aﬁomt(g’])) Sva(asmBOInt(g")) ]
per?
u'B<0

In the case B = Int(g)By this formula becomes simpler.

Corollary 3.6.

AT o, gu) = Int(gua) | @' (=1)- [ ] B - saB)0)
BeR,
u'B<0

Definition 3.7. Put
p@) =" (= [ ] B 5B €To

BER;
1" B<0

By Corollary 3.6 and the work of [LS1, 2.3] we know that p(u, @) € Z'(T, Tg") and
Int(gy,(y)p(/l, CL’) = /l(Tm g,u,a)~

Proposition 3.8.

1. p(u,a) = T] ﬁv(i)n(sa)gﬁ,(,.
PER;

2. sap(us @) = plu, @), o (p, @) = p(u, @)™,

13



3. The image of p(u, @) under the two canonical isomorphisms TS" — T, is the
same.

4. If i/’ € Q is another Weyl-element s.t. (W) 'a € A, then

P @) = (e, @), @),

In particular,

AT o, gra) = AT ) - Int(gua)| e (e, v, )

Proof: The first point follows from Corollary 3.6, because the right hand side is by
construction Int(g, o)A(T s, gue)- The second point is evident from the structure of p.
The third point is now clear because as remarked in section 1.3 the two canonical
isomorphisms differ by precomposition with s,,.

For the last point,
pula) = [ | B/ ntso)gh

BeR;,
If e ,a,u) = +1 then g, = g0 and the statement is clear. Assume now that
(', a,p) = —1. Then g o = g1, We see

P, @) = [ | BY n(s0)g ot

BeRg

But g;f; = a"(-1), hence the claim. O

3.2 The splitting invariant for 74

Fact 3.9. Let A be a SOS in R. Consider the set of automorphisms of G given by

{Int(g)| 8= l_lglla,duuaf € Q”U;](I € A}

acA

The image of T under any element of that set is the same. Call it T4. Then any element
of that set induces an isomorphism of real tori

TgA g TA

Proof: Let Int(g,), Int(g,) be elements of the above set, with

8i = 1_[ 8 o

acA

and let A" C A be the subset of those @ s.t. g, , # g,2,. For those @ we have
then g, , = g;gl,a’ hence Int(g1g; Y, = Tlaear gi}”alTo = S which normalizes
Ty. This shows that the images of Ty under these two automorphisms are the same.

Moreover, the transport of the I'-action on 74 to Ty via Int(gl") differs from o by
Int(o(g;1)g 1)z, = Int(g})lz, = Sa. m

Definition 3.10. For a SOS A C R, we will call the set

8= l—[gy‘,,ou,ua € Q,,u;la S A}

a€A

{Int(g)lr0
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the canonical set of isomorphisms Tg 4 — Ta. More generally, if A’ C A, we will call
the set

g= l_[ 8o Mo € Q,,u;loz €A
acA\A’

{Int(g)m,

. . . S
the canonical set of isomorphisms T — T,.

Fact 3.11. Any maximal torus T C G is G(R)-conjugate to one of the T 4.

Proof: Choose g € G s.t. Int(g)Ty = T. The transport of the I'-action on T to T
via Int(g’l) differs from o by an element of Z'(I', Q) = Hom(T, Q) and this element
sends complex conjugation to an element of Q of order 2. By [Bou, Ch.VLEx §1(15)]
there exists a SOS A s.t. this element equals S 4. If Int(g4) is one of the canonical
isomorphisms Tg" — Ty, then Int(gag™") : T — Ty is an isomorphism of real tori. By
[S1, Thm. 2.1] there exists g’ € G(R) s.t. Int(g’)T = Ta. |

If we conjugate A by Q to an A’, then the tori 74 and T4 are also conjugate by G(R).
Thus we may fix representatives Ay, ..., Ay for the Q-orbits of MSOS in R and study the
tori T4 for A inside one of the A;. We assume that the fixed splitting (T, By, {X,}) is
compatible with the choice of representatives in the following sense

e ##(R,>,A;) holds for all A;.

o If @, € A; lie in the same G,-factor then one of them is simple
This can always be arranged, as Lemmas 2.3, 2.5, Fact 2.6 and Proposition 2.7 show.
Notice that this condition does not reduce generality — it is only a condition on By,

but all Borels containing 7 are conjugate under Nr,(R) and thus by [LS1, 2.3.1] the
splitting invariants are independent of the choice of B.

Lemma 3.12. I[fA’, A" are disjoint subsets of some A; then
n(S a )n(S av) = n(S arvar)

In particular, n(S 4/) and n(S 4») commute.

Proof: This follows immediately from [LS1, Lemma 2.1.A], because by ## the set
{BER: B>0AS4+(B) <O0ASASa(B) >0}

is empty. O

Proposition 3.13. Let «,y be distinct elements of one of the A;, and u € Q be s.t.

w '@ € A. Then p(u, @) is fixed by s,.

Proof: We first show
Claim:
S’}’p(ﬂs a) = ,0(/»‘, O’)CUV(E(S'Y/J, a, ,Ll))

Proof: We have

sy (o @) = sy |’ (=1 [ | B'0saB i)
peR;
w'p<0

15



Now s, preserves ”, commutes with s,, and by Proposition 2.8 also preserves the set
R?, hence the last expression equals

D[] 9B @sasB’ D = 'D) [] B'saB’)

BeR?: syBER;,
w'p<0 wls,B<0
= oD ] B DsB'G)
BeR;,
wls,B<0
= p(s)//'ls CY)

= pla) -’ (e(syu anp)

the last equality coming from Proposition 3.8. O(claim)

We want to show av(e(syu, a, ,u)) = 1. Choose v € Qs.t. v''y € A. We will derive and
compare two expressions for

[ 8 0nisesyigp e, (1)
ﬁER(tw)
By Corollary 2.9 we have
[]8o=]]so]]s®
ﬁER(’fw) BER BER;

By Proposition 2.8 s, is a permutation of the set R}, hence

n(sa) [ | B mts™ = [ ] 86

BER; BER;

By Lemma 3.12, the elements n(s,) and n(s,) of N(Ty) commute. Moreover, by Fact
1.1 the elements gﬁya and g?,,y commute. Thus we get on the one hand

M = []8"0nts) [ | B ntsa)gess,

BER; BERY
PO, Pt 2)] o, @)
P, V)P, @) (e(syu, , 1))

where the last equality follows from above claim. Analogously, we obtain on the other
hand

M = []8"0n6a) [ [ £ Onis)gl 8

BERE BER;
Pl )i, 2[5 y)]
P, )p(v, Y)y" (e(sav, v, v))

We conclude that
@ (e(syp, @, ) = y¥ (e(s0v, 7, 7))

We claim that both sides of this equality are trivial. Assume by way of contradiction
that this is not the case. Then we have

(- =9y"(-1) & 1=(=DT7) =" eC*®X.(Ty) =C*® Q"
e o' +y' €20
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where QV is the coroot-lattice of T, which coincides with X.(Ty) since G is simply-
connected. By Lemma 2.11 @,y must lie in the same G,-factor of R. In this case {«, y}
is a MSOS for that G,-factor and by our assumption from the beginning of this section
one of @,y must be simple. Say wlog a is simple. By Proposition 3.8

p(/‘l’ (Y) = av(e(/’la a, 1));0(1,0') = av(_e(ﬂ$ a, 1))

which is clearly fixed by s,, thus we see

1= 5,(0(u, @))p(u, @) = " (e(sypt, @, 1) = y" (e(sav, ¥, )

O

Corollary 3.14. Let A be a subset of some A;, @ € Aand u € Q s.t. uw'a € A. Then
o, @) € Z\(T, Tg ) and its image in Ty under any canonical isomorphism TOS YTy
is the same.

Proof: By Propositions 3.8 and 3.13 p = p(u, @) is fixed by s, for any y € A. The
first statement now follows from pS 40(0) = po(p) = 1 showing p € Z'(T, Tg *). The
second holds because any two canonical isomorphisms Tg 4 — Ty differ by precompo-
sition with S 4 for some A’ C A ]

Corollary 3.15. Let A be a subset of some A;. Choose, for each @ € A, u, € Q s.t.
wla € A Put

ptatacas A) = | | plbtas @)

acA

Then

1. p({ta}aca, A) is fixed by s, for all y € A (even all y € A;)
2. The image of p({ita}eeca, A) under any of the canonical isomorphisms Tg Y= Ty
is the same.
Proof: Clear by the preceding Corollary.

Proposition 3.16. Let A be a subset of some A;. For each @ € A choose u, € Q
s.t. u'la € A and put g4 = [laen 8- Then A(Ta,ga) is the common image of
P{ta}aeca, A) under the canonical isomorphisms Tg * — Ty. In particular

AT ga) = | | It(@a-1a) AT 8it)

acA

is a decomposition of A(T4, g4) as a product of elements of Z'(T', Ty).

Proof: The factors of the cocycle Int(g,")A(Ta, g4) € Z'(T, Tg 4) associated to these
choices are as follows:
e =[]po=]]]]8®
BER} €A BERY,

where the second equality is due to Corollary 2.9,

nwr(0)) = n(Sa) = l—[ n(Sa)

a€A
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where the second equality is due to Lemma 3.12, and

o= o s =] ]2

a€A a€A
Their product, which equals Int(g;")A(T 4, g4), is thus

Mopnwr@No@n e = [[[BO] [n6a] |2

a€A BeR] a€A a€A

Just as in the proof of Proposition 3.13 we can rewrite this product as
[T |8 @ntsa|] ] <2

a€A |BeR} a€A
Now we induct on the size of A, with |A| = 1 being clear. Choose @; € A. Then

[1 Ll_] ﬁVo')n(sa)} [1e2

a€A | BeR], a€A

=[] |18 0ntso) {]—[ﬁv(i)n(sm)gil} [ &

a€A\{a1} | BeR] 1 \BeRg, aeA\{ay}
— Vs 2
= l_[ l_[ﬁ (DOn(sa) | p(Hay» @1) l_[ 8a
acA\la)} | BERY 1 aeA\{a;}
[ | k
. 2
=TT Tame| TT & [ I s(,]wm,al»
acA\la)} | BERY | aeA\{e;} acA\{a;}
= 1_[ p(/‘l(laa) : p(zuaq’a'l)
acA\{a1}

where the last equality follows from Proposition 3.13 and the inductive hypothesis.
This shows that Int(g)p({tta }eea, A) = A(T4, g4) and the result follows. O

4 Explicit computations

In this section we are going to use the classification of MSOS given in [AK] to explic-
itly compute A(T'4, g4) for the split simply-connected semi-simple groups associated
to the classical irreducible root systems. By Propositions 3.8 and 3.16 it is enough to
compute the cocycles p(u, @) for each a € A;, and some u € Q with u~'a € A, where
Ay, ..., Ay is a set of representatives for the Q-classes of MSOS. We will use the nota-
tion from [AK], which is also the notation used in the Plates of [Bou, Ch.VI]. There is
only one cosmetic difference — in [Bou] the standard basis of R* is denoted by (€), in
[AK] by (4;), and we are using (e;). The dual basis will be denoted by (e}). One checks
easily in each case that the choices of positive roots given in the Plates of [Bou, Ch.VI]
and the MSOS given in [AK] satisfy condition # of section 2.

4.1 CaseA,

There is only one Q-equivalence class of MSOS, and the representative given in [AK]
is
Ay ={ey —eyl 1 <i<[(n+ 1D)/2]}
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All elements of this MSOS are simple roots and for each of them we can choose u = 1.
Then for any @ € A; we have

p(l,a) = a"(-1)

4.2 Case B,

If n = 2k + 1 then there is a unique equivalence class of MSOS, represented by
Ay ={eyim eyl 1 i<k} U {e,}
If n = 2k then there are two equivalence classes of MSOS, represented by

Al = {eyor1xey|1<i<k-1}U{e,}
Ay = {eyrxeyll1 i<k}

If @ = ey;-1 — ey; or @ = ¢, then « is simple, we can choose u = 1 and have

p(l,@) = a”(-1)

If @ = eyi_1 + ey then we take u = s,,, and have U e = esi_ — es; € A. To compute
p(u, @) we first observe

{BERIB>0Au'B<0)
= ey} Uley el 2i < j)

(BERIB>0AUB<OAs,8<0}

hence
DB+ s
BeR,,
1 B<0
= 25+ 5,(2¢5) + Z (€3 — €} + Saley; — €)) + €3, + €} + saley; + €7))
Jj=2i+1
= =2ey —ey) = 20ey — €)= 20)
= 2m+1-2i)(ey_; —e5)
= 2(n+1-2)a"
We get
plu, @) = e’ (=1)")
4.3 CaseC,

The root system family C, is the only family for which the number of equivalence
classes of MSOS grows when n grows. Representatives for the equivalence classes of
MSOS are given by

As={eri1 —exn| 1 <i<s}U{2¢]2s+1<i<n} 0<s5<[n/2]

If @ = ey — ey; then « is simple and

p(l,a) = a(-1)

19



If @ = 2¢; and we take u = s,,_,, we have wla=2e, €A Again we first observe

(BERIB>0AU'B<OAs,B<0} = {BeRB>0Au"'B<0}

lei—ejli< j}

hence . .
DB 5B = Y (e — e+ (—ef =€) =2 ) e
BER,, J=i+l Jj=i+l
u'B<0
We get
p.0) = 1)
Jj=i
4.4 Case D,

There is a unique equivalence class of MSOS represented by
Ay ={esim1 eyl 1 < i < [n/2]}

If @ = ey-1 — ey or @ = ¢,1 + ¢, then « is simple and

p(l,@) = a’(-1)

If @ = ey_1 + ey with 2i # n then we take u = S., ¢, , © Sey—, and have ula =
e,-1 — e, € A. Then

(BERIB>0AU'B<OAs,8<0} {BERIB>0Au'B<0}

{62,'_1 - €j| 2i < ]} U {62,‘ - 6j| 2i < ]}

hence
d 40V, 2
DB s =2 2e Q. A
& gt 40V +4et, 2n+ 1
u'B<0

Notice that 2¢% € QV, while ¢} ¢ 0V. We get

[Pl = ()26 1))

5 Comparison of splitting invariants

Now we would like to employ the results from the previous sections to compare split-
ting invariants of different tori. To describe more precisely our goal, let us recall briefly
a few notions from the theory of endoscopy. An endoscopic triple (H, s,177) for G con-
sists of a quasi-split real group H, an embedding 7 : H — G of the complex dual group
of H to that of G, and an element s € Z(ﬁ ). On this triple, one imposes the conditions
that n identifies H with the connected centralizer of n(s) in G and that the E-conjugacy
class of i is fixed by I'. This is part of the definition given in [S6, §5], and for our pur-
poses we will not need the finer structure brought by the object H discussed there. The
conditions on 77 imply that it induces (by duality) an isomorphism 79 of complex tori
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from the most split maximal torus in H to the most split maximal torus in G (the latter
is in our case completely split). An isomorphism from some maximal torus in H to
some maximal torus in G is then called admissible if it is of the form Ad(g) ongo Ad(h)
for some g € G, h € H. If T — T is such an isomorphism defined over R, then we say
that T originates from H, and using its dual isomorphism and the canonical embedding
Z(H) — TH we obtain from s an element of 77, which by Tate-Nakayama-duality
defines a character on H'(T', T).

Now we can state our goal. Given two maximal tori T, T, of G that originate from
H, we would like to compare the results of pairing the endoscopic datum s against the
splitting invariants for 7; and 7». In order for this to make sense, we need to compare
the groups in which these invariants live. To that end, we will show that the endoscopic
characters on H'(I', T;) and H'(T', T») arising from s factor through certain quotients
of these groups and that those quotients can be related.

For a maximal torus 7 in G put

X.(T)-
1X.(T)

{1e X.(Dlor() = -4}
{A=or( 1 e X(T)}

where o7 is the action of o on T'. Recall the Tate-Nakayama isomorphism

X*(T)—l _ —1 1

given by taking cup-product with the canonical class in H?(T',C*). Via this isomor-
phism, the canonical pairing T X X,(T) — C* induces a pairing

T x H(', T) - C*

The splitting invariant enters into the construction of the Langlands-Shelstad transfer
factors via this pairing.

Lemma 5.1. Let A’ ¢ A be SOS in R. Then each element in the canonical set of
isomorphisms Tj,"\"/ — T4 (Definition 3.10) induces the same embedding

iga: Xe(Ta)or = Xu(Ty)

Proof: For an element w € Q put
Xi(To)w=-1 = {1 € X(To)l w() = -4}

For any SOS B
X*(TO)SB=—1 = SpanQ(B) N X.(To)

and any canonical isomorphism Tg ? — Tp identifies X.(T¢)s,=-1 With X.(Tp)_; (this
identification will of course depend on the chosen isomorphism).

Fix one canonical isomorphism 7, — T,. It is the composition of canonical iso-
morphisms
-1
Sapar ¢ v
T, > T > Ty
and hence induces an inclusion as claimed, because X, (To)s, =1 C X.«(To)s,=-1. More-
. . S .
over, any other canonical isomorphism 7, — T}, is given by

Saw ¢

S v
SA A SA
T S T3 S5 T3 S T,
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for A” ¢ A\ A’ and clearly S 4~ acts trivially on X..(T¢)s, =—1. |

The embedding i4- 4 induces an embedding

Toa Xo(Ta)-1 o X.(Ta)-
TIX(Ta) + i) UXU(Ta) i aUXi(Ta)) + IXo(T)

and via the Tate-Nakayama isomorphism these quotients correspond to quotients of
H'(',T4) and H'(T', T,) respectively. We will argue that if the tori Ty, and T, orig-
inate in an endoscopic group H, then the endoscopic character factors through these
quotients. This provides a means of comparing the values of the endoscopic character
on the cohomology of both tori.

Proposition 5.2. Let (H, s,n) be an endoscopic triple for G and assume that T4 and
Ta (A’ C A) originate from H, that is, there exist tori T1, T, c H and admissible iso-
morphisms Ty — Ty and Ty — Ts. Write st,, € TA and st, € TA for the images
of s under the duals of these isomorphisms. Assume that there exists a canonical iso-
morphism j : Tj,’*w — Ty st j(sp,) = st, (this can always be arranged). Then
the characters sr,, and sy, on H YT, Tu) resp. H'(L,Ty4) factor through the above
quotients, and the pull-back of the character st, via iy a equals st,,.

Proof: We identify H'(I', —) with H,'(T', X..(-)) via the Tate-Nakayama isomorphism.
Because the element s, € X*(T4) ® C* is I'-invariant, its action on X,(74) annihilates
the submodule 7X.(T4). Thus, the action of j*(sr,) € X*(T4) ® C* on X.(T) annihi-
lates the submodule j;!'(IX.(T4)). But we have arranged things so that j*(s7,) = s7,,
and we see that the action of s7,, on X, (T4-) via the standard pairing annihilates the sub-
module IX,(T4 ) + j;'(IX.(T4)). By the same argument, the action of st, on X.(Tx)
annihilates the submodule /X.(T4) + j.(IX.(T4/)). Finally notice that by Lemma 5.1
the restriction of j, to X.(T4-)-1 coincides with is 4. |
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