Solutions for exercises, Algebra I (Commutative Algebra) — Week 13

Exercise 65. (Dimension)

L k2, Y] (s /(@* — y*): We have dim(k[z,y](;,)) = 2 (and is an integral domain) so that
according to Corollary 18.24, dim(k[z,y](s4)/(#* — y*)) = 1. The maximal ideal of
klz, Yl @y /(@ — y?) is (2,9) (2, /(2® — y*) which is generated by T and . If 7 € (¥)
then we can write fo = yg + (22 — y3)h for a f ¢ (z,y) i.e. the constant term £(0,0)
of f is not 0. Evaluating the equality at y = 0, we see that on the left hand side the
coefficient f(0,0) of  is non-zero and the right hand is in (x2); contradiction. Likewise,
we show that ¥ is not in the ideal generated by =. So Z, ¥ is a minimal set of generators
of (mv y)(m,y)/($2 - yg)‘

2. k[, yl(z,y)/ (z* — y):We have dim(k[z, y](;,,)) = 2 so that according to Corollary 18.24,

dim(k[z, y] (x’y)/(a:Q—y)) = 1. The maximal ideal of k[z, y] (x,y)/(xQ—y) is (z, y)(x,y)/(xQ—

y) which is generated by T; since § = 72 € (). It is necessary a minimal set of genera-
tors.

3. k[, yl(zy)/ (@*,y*): We have dim(k[z, y](;.,)) = 2. Moreover /(22,y3) = (,y) which is
maximal. So (%, %) is a primary ideal and by Corollary 18.26, dim(k[x,y] 5.,/ (2*,y?)) =
2-2=0.

4. klz,y, 2 (sy,)/ (@® +y* + 2): We have dim(k[z,y, 2](5,.)) = 3 so that according to Co-
rollary 18.24, dim(k[x,y, 2] (4.4, /(2® +y*+2")) = 2 and the maximal ideal is generated
by 7,7,z
Z ¢ (y,%): otherwise, one would be able to write fr = yg; + zg2 + (2% + y? + 2")g3
with f(0,0,0) # 0 (ie. f ¢ (z,y,2)). Evaluating at y = 0 = z (we get polynomials in
x), on the left hand side, the coefficient of = is non-zero and on the right hand side the
polynomial is in (z?). Likewise ¥ ¢ (7, 2).

If n =1, then Z = —(Z2 + %?) so that Z,7 generate (z,y, ,27)(95’%,2)/(3/:2 + 9%+ 2").

If n > 2, then Z ¢ (T,7): otherwise, one could write fy = zg1 + ygo + (2 + 9% + 2")g3
with £(0,0,0) # 0. Evaluating at = 0 = y, on the left hand side, the coefficient of z is
non-zero whereas on the right hand side the polynomial is in the ideal (z"). So (7,7, %)
is a minimal set of generators.

Exercise 66. (Height and dimension)

Set A = k[x,y, 2](z,y,)/ (xy, x2). Looking at Spec(A) as V((zy,zz)) C Spec(k[r,y, 2](zy,2))
and since (vy,r2) C (y,2) and (y,2) € Spec(k[r,y, 2)(zy.2)), (U,Z) is a prime ideal. Likewi-
se (zy,r2) C (z) and (x) € Spec(k[x,y, 2](z,y,2)) so that (T) is a prime ideal. Again since
(7,y) € Spec(k[z,Y, 2](zy,2)) and (vy,z2) C (7,y), (¥,7) is in Spec(A). Finally, (z,y,z) €
Spec(k([z,y, 2](z,y,-)) and (zy,r2) C (2,9, 2), (T,¥,%) is in Spec(A4). Thus we have in A, the
chain of prime ideals () C (Z,y) C (7,y,%). The inclusions are strict, which proves that
dim(A) > 2: assume fy = xg + zya + xzf3, with f(0,0,0) # 0; evaluating at =z = 0, we get a
contradiction so (Z) C (Z,7). Likewise (evaluating an equality fz = xg1 + ygo + zya + x2[3,
with f(0,0,0) #0, at x =0=1y), Z ¢ (7,7).

Moreover, since xy € k[x,y, 2](5,..) is not a zero divisor, we have dim(k[z,y, z](z,y,)/(vy)) =
2 and since k[z,y,2](z,,.) — A (ie. Spec(A) C Spec(k[z,y, 2](zy,2))), dim(A) < 2. So

You can still hand in solutions, but they will not be (necessarily) corrected anymore.



dim(A) = 2.

On the other hand we have V((z,y,z2)) = V((z) - (y,2)) = V(z) U V(y,2); so (y,z) and
(x) € Spec( are minimal primes containing (xy,zz) i.e. () and (y,Z) are minimal (associa-
ted, isolated) primes of A. In particular ht((Z)) = 0 = ht((7, 2)).

We have A/(?7 2) = k[x7y¢ Z](x,y,z)/(yv Z) + (xy,:cz) = ]ﬂ[.%’, Y, Z](J},y,z)/(yv Z); which is readily
seen to have dimension 1 ((x,y, z) is a regular sequence and use Corollary 18.26). So we get
dim(A) =2>0+1=ht((y,2)) + dim(A/(y, ).

Exercise 67. (Fibre dimension)

The homomorphism A — B is indeed an inclusion: if f € k[x,y] isin (yz—z) i.e. f = (yz—x)g,
evaluating at z = 0 = =z, we get f(0,y) = 0 ie. f € () C k[z,y] so we can write
xfi = (yz — x)g. But then we must have x|g so we can write f; = (yz — z)g1 for some
g1- So we can repeat the argument; hence by induction f = ax” = (yz — z)g, (a € k) which
is possible only if a = 0 and g, = 0.

1. The contraction of q in klx,y, 2] is (y,2) + (yz — x). For f € k[z,y] N (y,2) + (yz — )
then f(x,y,0) = f and f can be written f = yg1 + 292+ (yz — x)gs; evaluating at z = 0,
we get f(x7y,0) = f = ygl(xvyuo) - $g3($,y,0) Le. f € (ﬂf,y)

2. We have the inclusions of prime ideals in A: (0) C (x) C (z,y) so ht((z,y)) = 2.
Likewise since B ~ kly, z], ht((7,%)) = 2.

3. We have B,/pBy ~ k:[y,z](%z)/(yz,y) ~ k:[y,z](y’z)/(y) so dim(Bq/pBy) = 1.

Exercise 68. (Singular points and the Jacobi criterion)

We can define a linear map ¢ : k[z1, ..., Zn|m — k™ by 5 > (é%(al, R T %%(alv )
(since f(ai,...,an) = 0 and g(a1,...,a,) # 0). For any i, we have ¢(fracr; —a;1) =
(0,...0,1,0...0) the i** vector of the canonical basis of k. So ¢|m s surjective. Moreover

for any 1, 7,

(x; — a;) (x; — aj)
(p( 1 ]1 ]):<07“.70’ a; — a; 70...,07 aj_aj 7070):0

jth component ith component

so m? C ker(g),,) and we get an induced surjective map % : my/ma — k™.

But since Spec(k[x1, . . . , 2,]) is regular of dimension n, dimy(my,/m2) = n (see Example 18.27
and Prop. 18.28); thus ¥ is an isomorphism. Notice that k[x1, ..., Zp]m =~ (k[z1,. .., Zn]/M);m =~
(B)m =~ (k) (o) =~ k.

By definition, the point m € V(f) is singular if and only if E({) =0.

According to Corollary 18.24, dim(k[z1,...,zp)m/(f)) = n — 1 and its maximal ideal is
M/ (f). So mun/(f)/(mu/(f)? =~ m/((f) + m2). To see the isomorphism, start with the
(obviously) surjective p : my — my/(f)/(mn/(f))? and notice that its kernel is exactly

My + (f).

Thus if m € V/(f) is singular, then B(f) = 0, which since ¥ is an isomorphism, means
I'=0¢€ mp/mZie £ eml So (L) +m2 =m2 so that dimy(mn/(f)/(mu/(f))?) =
dimg(m/m?) =n > dim(k[z1, ..., 20]m/(f)) i.e. klx1, ..., 20]m/(f) is not regular.

Conversely, according to Corollary 18.12 we have dimy (my/(f)/(mun/(f))?) > dim(k[z1,. .., 2)0/(f) =
n—1,s0if k[x1, ..., Zn]m/(f) not regular, dimy(mu/(f)/(Mw/(f))?) > n. Using mu/(f)/(mun/(f))? ~
mu/((f)+m2), this happens only if ({) C m2; in which case { = 0 mod m2 so @({) =p(0) =

5 2]
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