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Introduction

This thesis studies GL; (R)-homogeneous tempered distributions defined on the space R™
for n > 1. For a function ¢ € S(R™), a matrix A € GL,(R) and a parameter o € C, we
define the dilated function D%¢ € S (R™)

1

Dap(v) = |det A]*F™

p(AT'V),

where we identify V' € R™*" with the point v = (v1,...,v,2) € R" by Vij = vit(j—1)n-
From now on we will use the notation R™" for R"* with this intended identification.
Let GL; (R) be the subset of GL,,(R) defined by

GLY(R) == {A € GL,(R): det A > 0}.

Definition 1. For a € C, we say that a tempered distribution A € S'(R™*") is GL; (R)-
homogeneous of degree « if

A(D%¢) = Alp),

for every matriz A € GL} (R) and every function ¢ € S(R™*™).
We denote by X2 the vector space of GL; (R)-homogeneous tempered distributions of
degree .

In dimension n = 1, our definition coincides with the one of homogeneity under scalar
matrices {AlL,: A > 0}, see [7], since GL{ (R) = {\ € R: A > 0}.

Definition 2. For o € C, we say that a tempered distribution A € X[} is

e even, if for some matriz A € GL,(R), det A <0,
A(DG¢) = Alp);

e odd, if for some matriz A € GL,(R), det A <0,
A(D3¢) = —A(p).

We denote by X2 xXn

fevens Xaoda the vector subspaces of even and odd elements of X7 .

It is easy to observe that

X" = X" @Xgpdd,

« a,even
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and we will elaborate on this in Lemma 20. Therefore, in order to give a complete classi-
fication for X7, it is enough to describe the elements of X oo, and X7 4.
The candidates are the tempered distributions associated to the homogeneous functions

|det V|*, sgn(det V')|det V/|*. Let I " qq be defined, when it makes sense, by

,even’ ~ a,od

Row(@) = [ [etVip(v)av

aodd(®) = / sgn(det V')|det V|*p (V) dV,
Rnxn

for every ¢ € S(R™*").

In dimension n = 1, the spaces Xé,even and X01(7Odd are known to have dimension 1.
The result stated in Theorem 3 below can be recovered from [4] or [7]. We will focus on
the case of dimension n = 2, for which we are able to provide a complete description of the
spaces X2 for arbitrary o € C, see Theorem 5 below. The techniques and the arguments
that we develop in this context are expected to be useful also to tackle the problem in the
general case of an arbitrary n > 1. However, this is beyond the scope of this work.

In the following statements, the Fourier transform has to be intended in the sense of
tempered distributions, namely as the map

2SRV — S (R™MY), A () = A(P).

Theorem 3. For a € C, both X} and X} odq have dimension 1. In particular,

a,even a

o X! s generated by

a,even

- for Re(a) > —1, Icly,even;
— for Re(ar) < —1, (Ilafl,even)/\;
° Xé odd s generated by

— for Re(a) > —1, I oaas
— for Re(a) < —1, (Ila—l,odd)/\'

The Fourier transform defines a bijection X! — X' ;. The key observation is that
for o € C we either have Re(a) > —1 or Re(—a — 1) > —1, hence either |z|* € L{. (R) or
lz|7*"! € LL (R). Tt holds the stronger property that the integral of their absolute value
over the ball Br(0) grows at most polynomially in R. Therefore at least one between I, Cly,even
and I1 a—1 even 15 Well-defined as an element of S'(R), and it has the appropriate degree of
GL{ (R)-homogeneity. Moreover, the two regions {Re(a) > —1} and {Re(a) < 0} overlap
and cover the whole complex plane, thus we have an existence result for every a € C. The
result about having exactly dimension 1 is heavily based on the study of the tempered
distributions I' € X! supported at the origin. In particular, we will prove in Lemma

32 that T' # 0 only if & € Z, @ < —1. As a consequence, if A € X} then either
A=cl! or A =cIt c € C, and an analogous property holds for A € Xclwdd.

a,even —a—1,even?

,even’
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aeC

~

For —1 < Re(a) < 0, we can define nonzero elements of X} both via I} and,

a,even a,even
through the Fourier transform, via I* Since the space has dimension 1, the two

a—1,even*
tempered distributions are linearly dependent. An analogous result holds for X é odds and
the constants of linear dependence are established by the following lemma.

Lemma 4. For —1 < Re(a) <0,

_a+tl a+1 —~ a (e
7 2z I ( 92 ) (Ila—l,even) =7z I <_§) Ié,even’
_oat2 a4+ 2 ~ . a—1 a—1
nm 2z I < 5 ) (Ila—l,odd) =—ir 2 T <— B ) Iolt,odd-

Moreover, for a fized function ¢ € S(R), the functions in the variable o € C defined by

(a1 1 N .
T2 T (_g) Iia—l,even(@) if Re(a) <0,
2
a 1
T2 a I(}u even((p) if Re(a) > —1,
\ r (Tl) 7
(. _at2 1 . .
2 T (—od) 1Ly 1 0aa(®) if Re() < 0,
2
a1 1 _
T2 T(axzy Ii,odd(@ if Re(a) > —1,
\ (T)

are holomorphic on C.

For n = 2, the problem gets more complicated, ultimately because the critical variety
M = {V e R®?: detV =0}

is not given only by the origin, and it has an interesting geometry. In fact, V € M may
have rank 0 or 1. The only matrix with rank 0 is the zero matrix, while M \ {0}, the subset
of matrices with rank 1, defines a smooth 3-dimensional submanifold of R?*2. The orbits
of the action of GLj (R) onto R?*2 given by left multiplication by the inverse matrix,
fibrate M \ {0} into punctured planes. We have a 2-1 map

v: (R*\ {0}) x (R/27Z) — M \ {0}, v(w,0) = (wcos@ wsin@) = <w1 cosf sin0> )

wg cosf  wosinf

To state our theorem, we have to consider the differential operator det(0; ;) of second
order algebraically mirroring the determinant, namely

det(0; ;) = 01,1002 — 01,2021,




which defines a map on the space of tempered distributions
det(9y): S'(R??) — §'(R¥?), det(9;5)Alp) = A(det(;7)p).
Our main theorem is the following complete classification result.

Theorem 5. For a € C, XO% odd has dimension 1. For a # —1, X? has dimension 1,

a,even

while X% oyen 8 infinite dimensional. In particular,

o X2 1 generated by

a,even

— for Re(a) > —1, I?

a,even’

— for Re(a) < —1, (1?

~
fa72,even) )

— for Re(a) = -1, a # —1, det(aivj)f(z“’odd;
e there is a bijection pu: D'(R/7Z) — X2, ., given by
((F))(p) = F(¢y),
where, for every ¢ € S(R?*2),

P, (0) = / o(v(w,0))dw = / ¢ (wcos wsinb) dw,
R2\{0} R2\{0}

s a smooth w-periodic function on R;

° Xfwdd 1s generated by

— for Re(ar) > —1, Igz,odd;
— for Re(a) < —1 (Iza72,0dd)/\;
— for Re(a) = -1, a # —1, det(6i7j)I§+1,even7.
— fora=—1, P-V-ﬁz
where

The Fourier transform defines a bijection X2 — X2_,_,. Unlike in the case n = 1, the
two reflected half planes defined by the conditions Re(a) > —1 and Re(—a — 2) > —1,
namely {Re(a) > —1} and {Re(a) < —1}, don’t cover the whole plane C. Instead, there
is a “gap” given by the line {Re(ar) = —1}. Therefore, while it is enough to restrict to the
case Re(a) > —1, the study of X2 for Re(a) = —1 requires a deeper analysis. Outside
the critical line we either have |det V|* or |[det V|™* % in L. (R?*?), and the integral over
the ball Br(0) grows at most polynomially in R. Hence either I3 o or 1%, 5 ey 18
well-defined as an element of &’(R?*?). An analogous argument holds for the elements of

2
Xa,odd'
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aeC

To define the elements of X2 for Re(a) = —1, a # —1, we observe that the differential
operator det(9; ;) gives a map X2 — X2_,. In particular, if o ¢ {—1,0} this map is
nonzero, as we will prove in Lemma 26. Therefore we can use det(9; ;) to describe nonzero
elements of X2 for Re(a) = —1, a # —1.

For —2 < Re(a) < —1, we can use the differential operator det(9; ;) to define nonzero

elements of the spaces X gé,even and X2 .4 which have dimension 1. The following lemma

establishes the constants of linear dependence between these alternative generators and
the ones enlisted in Theorem 5.

Lemma 6. For —2 < Re(a) < —1,
o a+4 a+3 ~
4r= 2 r ( 9 ) r ( 9 )(Iza—2,even) =

o « a+1
=77 <—§> r (— 5 ) (det(D5 )13 41 oda):

—a— a+4 a+3 ~
A7 21“( 5 )F( 5 )(Iza—Q,odd) =

=7¢T (—%) T (_Ot ;_ 1) (det(ai,j)lg—i-l,even)‘

Moreover, for a fized function ¢ € S(R?*2), the functions of a € C defined by
( 1 1

4 —a—2 I2 ~ . _1
m 1p EE= Za—2,even(®) if Re(a) < —1,

War (=HE T (282) Ig+1,odd(det(ai,j)90) if Re(ar) > —2,

\ 2 2

( 1 1

4 —a—2 12 PR . _1
T 1F (—2)T (—=2) Za—2,0dd(?) if Re(a) < —1,

War (<H T (282) I§+1,even(det(8i,j)¢) if Re(a) > —2,

\ 2 2
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are holomorphic on C.

To conclude the classification we observe that (2) defines an element of X2, 4, while

for the even ones the claim follows by the analysis of elements of X2, supported on M

and the fact that the function 1

|det V|

cannot be extended to an element of X ELeven.
An important difference between the cases of dimension n = 1 and n = 2 is encoded
by the following statement, which will be proven as part of Corollary 45.

Proposition 7. Fora € Z, a < =2, let A € X2, orlet A € X? Then supp(A) C M.

1,even-

In fact, in dimension n = 1, for a € Z, a < —1, one between A € X, cven and
Ae Xa,0dd, A, A # 0, is not supported at the origin.

It is also interesting to consider the effect of the operator det(9; ;) on the spaces X 2
for « € Z. In Corollary 47 we will prove it defines a bijection if and only if « ¢ {—1,0}.
In the diagram, the arrows stand for the maps det(9; ), the hook denotes the injectivity,
the double pointer the surjectivity.

-3 -2 -1 0 1
det(0 (sgn(det V) p.Vv. detV sgn(det V') det V' Xi,odd

For n > 3, the Fourier transform defines a bijection X} — X”_,_,,. The “gap” between
the two reflected half planes given by the conditions Re(a) > —1 and Re(—a —n) > —1
widens to a strip, where neither |det V|* nor |det V™" "% is in L] (R”X”), hence not even
in §'(R"™*™). For @ € {—n +1,...,—1}, we define elements of X7 .., via integrals of the
restriction of ¢ over n(n + a)—dimensmnal subspaces of R™*" contained in M. Moreover,
through a principal value integral, we define an element of X", .., and by means of the
Fourier transform, an element of X" +1,0dd- However, the proble}n of existence is unsolved
for —n + 1 < Re(a) < —1 except for the stated cases.

-4 -3 -2 -1 0 1 2

Our interest in GL;" (R)-homogeneous distributions arose from the study of the mul-
tilinear singular integral forms with determinantal kernel in [1] and in [8]. These forms

viii



generalize the Hilbert transform and are connected to the restriction problem for the
Fourier transform, in particular in the case of the sphere, as explained in [2] and [3]. We
want to have a better understanding of their invariances in order to tackle effectively the
conjecture about their boundedness.

A consequence of the classification theorem in dimension n = 2 is that the tempered
distribution studied in [1] is identified by its invariance properties. In fact, let A € S’(R)
be defined by

1
A(p) ::p.v./ ————— ¢(z,y,2) S(r+y+ 2)dedydz =
- 11 1
det <a: y z)
1 (3)
= lim ————— ¢(x,y,2) d(x +y+ 2)dedy dz,
=0 Jjdetl>e g (1 1 1>
Ty z

where z,y, z € R?. It possesses the following invariance properties:

e (modulation invariance) for each vector b € R? define

) — 627rib~(x+y+z)

Mbw(x,y,z QD(.’,U,y,Z)

Then
A(Myp) = Ap),

for every vector b € R? and every function ¢ € S(R®);

e for each matrix A € GL2(R) define

1 _ _ _
BAQO(iU,y,Z) = m@(A 1$7A 1y7A 12)'

Then
A(Bay) = Alp), (4)
for every matrix A € GL2(R) and every function ¢ € S(RS).

Corollary 8. Up to multiplication by a constant, the tempered distribution A defined in
(3) is the unique nonzero element of S'(R®) satisfying the modulation invariance and the

property (4).

The thesis is organised as follows.

In the first chapter, we briefly recall some preliminaries, definitions and results from
the theory of distributions. Then, we study the effect on X of the Fourier transform, the
operator associated to the multiplication by det V' and det(9; ;). After that, for arbitrary
n > 1, we prove an existence result for nonzero elements of X, ..., for Re(a) ¢ [-n+1, —1]
ora € {-n+1,...,—1}, and of X} 4, for Re(a) ¢ [-n+1,-1] or a € {-n+1,-1}.
Finally, we prove an uniqueness result for n > 1, namely that, away from M, a tempered
distribution A € X7 on UX" 4q coincides with the definitions in (1). The idea behind our
approach to obtain this result is simple enough to warrant discussion in the Introduction.
We differentiate the equalities given by the a-homogeneity conditions for functions ¢ €

D(R™™\ M) and for matrices arbitrarily “e-close” to the identity I, e.g.

A= (I[n —‘r&‘Ei’j)_l, (Ei’j)l,m — i,ldjm‘u

ix



where §;; is the Kronecker delta of the couple (4,1). We divide the associated equality by
g, and we take the limit as € goes to zero, which yields

.1 o _
lim EA(D/@ —¢)=0

By continuity of A, we move the limit to the argument of the distribution. In this way
we translate the information coming from homogeneity condition into properties of the
derivatives of A.

The second chapter is devoted to the proof of the classification results stated in The-
orem 3 and Theorem 5. In particular, the complete classification in the case n = 2 is
established by investigating a-homogeneous tempered distributions supported on M. In
Lemma 39, we prove that if I' € X2 is supported on M, then o € Z, o < —1. In particu-
lar, if « = —1, then I is even and of the form appearing in Theorem 5. To conclude the
classification we show that the function defined on R**2\ M

b
|det V|

cannot be extended to an element of X%Leven. In the last part of the chapter we prove
Lemma 6 and Corollary 8.

Acknowledgements. I would like to express my gratitude to my advisor Prof. Chris-
toph Thiele for his guidance, the inspiring discussions, and for giving me a lot of motivation
on the subject and plenty of helpful remarks to improve the content and the exposition of
this thesis.




Chapter 1

Existence and uniqueness results
for n > 1

1.1 Notation and preliminaries for tempered distributions

From now on, N = {0, 1,2,...} will denote the set of nonnegative integers.
For a multi-index 3 = (B, ..., 4) € N? we define

o [Bl=01+ -+ Ba Bl=751l... Bal;
o of =zt 2l 98 =o0 . ghe
Let  be an open subset of R%. We have the following definitions.

Definition 9. We denote by D(Q) the set of complez-valued smooth functions with com-
pact support in Q. A sequence {¢pr}r C D(Q) is said to converge to ¢ € D(Q) if the
following two conditions hold:

e there is a compact set K C Q containing the supports of all ¢p;
e for each multi-index 8 we have dP¢y, — 0P ¢ uniformly in x as k — oco.

This defines a topology on D(2).
A distribution is a continuous linear functional A: D(Q) — C. We denote by D'(£2)
the vector space of distributions on €.

For a smooth function ¢: R — C, N € N, we define the norm

, (1.1)

lelly = sup |27(8%)(x)
z€R4

1BL,IvI<SN

where 3,7 € N are multi-indices.
We note that, for N € N, there exists C ¢ such that for every x € R? we have

2N < Cva D 127,

[vl=N




1.1 Notation and preliminaries for tempered distributions

In fact, the function F': S~ — (0,00), F(z) = >_pyj=n|27] is continuous and strictly
positive. Since it attains a minimum, there exists Cy 4 such that

1
> a7 = Flz) = — > 0.
[v|=N N.d

T

We get the claim for an arbitrary x by considering F' for EE

Therefore, for every N € N, there exists Cy such that

k
lelly < sup |2]*](0°¢) ()] < Cnllelly- (1.2)
z€eRY
Bl k<N

Definition 10. We denote by S(R?) the set of complex-valued smooth functions such that
lelly < oo for every N. The elements of S(RY) are called Schwartz functions. A
sequence {¢y 1, C S(RY) is said to converge to p € S(R?) if | — ¢rll y — 0, as k — oo,
for every N € N. This defines a topology on S(R?).

A tempered distribution is a continuous linear functional A: S(RY) — C. We
denote by S'(RY) the vector space of tempered distributions on R?.

For every open subset {2 C R?, a tempered distribution A € S’(R?) defines a distribu-
tion A € D'(2) by N
A(¢) = A(¢),

for every ¢ € D(€2), where we identify ¢ € D(£2) with the function ¢ € S (RY) obtained by
letting ¢(z) = 0 for x € R\ Q. A priori A is only a linear functional, the continuity is
implied by the following statement.

Proposition 11. Let {¢r}r C D(Q2) be a sequence converging to ¢ € D(Q). Then {¢y
converges to ¢ also in S(R?), under the identification of the functions ¢y, ¢ with elements
of S(RY) described above.

Proof. By the definition of convergence in D(f2), there exists a compact set K C 2 such
that supp(¢x),supp(¢) C K. Moreover, for each multi-index 3, we have

sup (85(¢k —¢))(x)| =0, as k — oo.
rzeK

Now let N € N. Since K C Bg(0) for some R > 1, then, for every multi-index  such that
vl <N,

sup|a”| < (suplz|)" < RV,
zeK zeK

This implies that

o — &l < RN max sup (85(¢>k —¢))(x)| =0, as k — oo,
‘B|SNm€K

proving the claim. O

A well known characterization of the tempered distributions in terms of the norms
(1.1) is given by the following result.

2



CHAPTER 1. Existence and uniqueness results for n > 1

Proposition 12. Let A be a complez-valued linear functional on S(R?). Then it is a
tempered distribution if and only if there exist N € N and a constant ¢ > 0 such that

[A(e)] < cllellys
for every p € S(RY).

Proof. The sufficient condition trivially follows from the definition of S’(R9).
The necessary condition is proven by contradiction. Assume otherwise. Then the
conclusion fails and, for each k, there is ¢y, € S(R?) with ||[¢oy]|, = 1, while |A(¢r)| > k.

Take pp = % Then ||¢klly < |kl as soon as k > N, and thus ||¢i||y < ﬁ — 0 as
k — oo. Instead, |A(¢x)| > VE — oo, contradicting the continuity of A. O

In an analogous way we can prove the following characterization of the distributions.

Proposition 13. Let A be a complez-valued linear functional on D(Y). Then it is a
distribution if and only if for every compact set K C §2, there exist Ny € N and a
constant cx > 0 such that

A@)| < ex sup sup|ao(x)],
[V|SNk z€K

for every ¢ € D(Q), supp(¢) C K.

Definition 14. For a distribution A € D'(2), we say that A vanishes in an open subset
of Q if A(¢) = 0 for all test functions ¢ € D(2) which have their supports in that open set.
We define the support of a distribution A € D'(Q) as the complement of the largest
open set on which A vanishes.

We define the support of a tempered distribution A € S’(R?) as the support of
the associated distribution A € D'(RY).

A rather classical result, which will be useful in our analysis, is the classification of
tempered distributions supported at the origin. In proving it we will follow [7].

Proposition 15. Let I' € S'(R?), supp(T') = {0}. Then there evist N € N, cg € C, such
that
I'= Y czd’,
IBI<N

where § is the Dirac delta function.

Proof. The argument is based on the following result.

Lemma 16. Let I'y € S'(R?), supp(I'1) = {0}, satisfy, for some N € N, the following
conditions:

o [T1(p)| < clllly, for every ¢ € SRY);
e for a function n € D(R?) with n(z) =0 on (B2(0))¢, and n(x) =1 on B1(0),
['i(z7n) =0,

for every multi-index v with |y| < N.




1.1 Notation and preliminaries for tempered distributions

Then I'y = 0.

Proof of Lemma. In fact, let n € D(R?) as in the statement and write 1.-1(z) = n(Z).
Then, since I'1 is supported at the origin, I'1(n.-1¢) = T'1(p). Moreover, by the same
token I'y(n,-12%) = T'1(nz®) = 0 for every |3| < N, and hence

Z 85<p(0)$5

Li(p) =T | n—1 | p(x) - gl

[BI<N

If R(z) = () = X i5<n 8%!(0) a? is the remainder, then |R(z)| < c|z|"™" and [97R(z)| <
cv|x|N+17M, when |y| < N. However |07, 1(z)| < ¢,e 1l and 971 = 0 if || > 2e.
Thus by Leibnitz’s rule, ||n.-1R||y < ce, and our first assumption gives |T'1(p)| < e,

which yields the desired conclusion upon letting € — 0. O

Proceeding with the proof of the proposition, we now apply the above lemma to

Iy =T— ) 0%,
IBI<N

where N is the index that guarantees the conclusion of Proposition 12, while the cg are
chosen so that

Then since (9°8)(z7y) = (=1)IPI81if 8 = ~, and zero otherwise, we see that T'; = 0, which
proves the proposition. ]

The following statement establishes a sufficient condition for locally integrable func-
tions to define tempered distributions.

Proposition 17. Let f € Ll (R?%) such that for some N € N,
/ f(2)dz = O(RY),  as R— oo
lz|<R
Then Ay € S'(RY), where, for every ¢ € S(RY),
M) = [ Flaela)da.
Proof. By hypothesis, there exist R> 0, C' > 0 such that, for R > INB,

/ |f(z)|dz < CRN.
|o|<R




CHAPTER 1. Existence and uniqueness results for n > 1

Then, for every ¢ € S(R?),

As(e)| = /df(:v) da| < [ 7@ da <
<[ _i@llel.+ / F()p(e) de <
|z|<R Z i—1R<|x|<2iR
< Kllglly + / @) s [1 Y o) i <
0 Z ’1R<|:1:\<2’R ]:U|N+1
1
<Kol + K3 ol [ [f@)ldo <
" ;(2"1}?)]\”rl M <o
> 1 =1
- i p\N il
< Kuwuowg gy el CRBY < Clielly 223 >
SCH‘P”NH-
By Proposition 12, this condition implies the claim. O

One tool we need in our analysis is a rather classical result, which can be found in [4].

Lemma 18. Let u € D'(Y x I) where Y is an open set in R¥™1 and I an open interval
on R. If 9qu = 0 then

u(9) = [ un(6(,2) dra = ug ( [ otz dxd> . eDy x1),

where ug € D'(Y). Thus u is a distribution ug in ' = (x1,...,24-1) independent of x4.

Proof. Choose 19 € D(I) with [;1o(t)dt = 1 and define

uo(x) = u(xo),

where, for y € D(Y),
Xo(x) = x(2)¢bo(za).
It is obvious that ug € D'(Y). For ¢ € D(Y x I), we define

- / o', 24) dea.
I

¢(x) — (I¢)(2')ho(za) = 0a®,
where ® € C*°(Y x I) is defined by

Thus we have

B(e',a) = [ (', 5) — (I8)(@)eho(s)) ds

—0o0

Since

|0 - )& () ds = o




1.2 Properties of X! for arbitrary n > 1, a € C

we have ® € D(Y x I). Hence

u(¢) = u(9a® + (I9)o) = u((Id)o) = uo(Ip) = /U0(¢('7$d))d$d,

I
since u(0q®) = —0u(P) = 0. O
In particular, we need the following related result.
Lemma 19. Let F € D'(Q), where Q is an open connected set in R%. If 9;F = 0 for every
i€{1,...,d}, then there exists c € C such that, for every function ¢ € D(Q),

F(g) =c /Q 6(x) da.

Proof. The proof is a standard application of Lemma 18. Let Q@ = I} X --- x I; C , where
I; is an open interval in R. Then, by repeatedly applying Lemma 18 for every interval, we
obtain that there exists c¢g € C such that, for every function ¢ € D(Q),

F(6) = cq /Q o(a) da.

Moreover, let Q" = I x --- x I, C Q, I/ as above, such that @ N Q" # @. Then the
constant c¢ associated to Q' is equal to ¢g. In fact, for a function ¢ € D(Q N Q') such
that [ # 0, we have

o [ wla)de=Fw) =g [ v(@)ds
Q Q’

Now for a function ¢ € D(Q2) such that supp(yp) C 2, let {Qx }« be a finite collection of
cubes of the form described above such that supp(y) C UpQy and for every ¢ there exists
J such that @Q; N Q; # @. In particular, there exists ¢ € C such that cg, = c for every k.
There exists a partition of the unity {7}, such that n, € D(Qy), > nx(z) =1 for every
x € supp(p) (see [5]). We have

F =F = c z)po(x)dr =
(¢) <zk:77k90> ; k/Qk k() ()

~ o el dr = | o).

1.2 Properties of X for arbitrary n > 1, a € C

Let R™ ™ be the set of square matrices with n rows and columns and coefficients in R.
We consider the bijection

R™™ — R”Q, Vi v=(v1,...,0p2), Vig(j—1)n = Vij- (1.3)

From now on, we will use the notation R™*" for R"™ with this intended identification.
Thus, we let dV = dV;;1dVa;...dV,, ,, and for f: R” = R we let O0i;f = i+(j_1)nf.

6



CHAPTER 1. Existence and uniqueness results for n > 1

Moreover, let (A, B)yg denote the Hilbert-Schmidt inner product of the matrices A, B €
R™ ™ namely

<A, B>HS = TI'(ATB) = Z Z Ag:ij,i = Z Z Aj7iBj,i‘

i=1 j=1 i=1 j=1

We note that it is equal to the inner product of the two vectors in R™ associated to the
matrices under the identification (1.3).

Lemma 20. Forn>1, o € C,

Xa = Xbeven ® X4 0dd-

« a,even

Proof. For A € S'(R™*™), let A™f € §'(R™*") be defined by
ref ref ref —1 -1 ]In -1 0
A () = Ag™), (V) =@(BTV), B=B7" =" _);

for every ¢ € S(R™™). In particular, o™ = D% for every a € C. Then, for A € X7,
A # 0, we have
A + Aref A _ Aref

n n
9 € Xa,even? 9 € a,odd>

and at least one of the two is different from 0. For example,

A+Aref A(D%(p) —f—Aref(D%(p) A(gpref) _’_Aref(spref) B ArEf—I—A

Da pr— pr—
9 (DEe) 9 9 B

N Xg,odd' Then

(¢).

Moreover, suppose A € X

,even
_ paref __
A=A — A,

where we used first the property of being even and then the one of being odd. This implies
A=0. O

For a fixed n > 1, we define the differential operator det(9; ;) of n-th order,

g 01 ... Ona
det(9; ;) == det 81:’2 82:’2 37:,2 (1.4)
in Oon . Oun
We also define the critical variety M
n—1
M:={VeR™: detV =0} = | My, My :={V e R™™: 1k(V) =k},
k=0

and we divide R™*™ \ M into

M, ={V eR™": detV >0}, M_ ={V e R™": detV < 0}.




1.3 The effect of the Fourier transform, detV and det(0; ;)

We observe that M, and M_ are two orbits of the action of GL; (R) on R™*" given, for
A € GLf (R), by
R™X" 5 R™™ Vs ALV (1.5)

Moreover, the action preserves the rank of the matrices in M, restricting to
My — My, V— A7V,

Every My, is fibrated by the orbits of the action into Grassmanians Gr(n — k,n). In fact,
an element V' € M, is characterized by n — k and only n — k independent linear conditions
that are satisfied by its columns. These conditions are respected by the action, and every
matrix satisfying them can be sent to every other matrix satisfying them through some
invertible matrix. Therefore, M, is fibrated by the orbits into

My = {0}, My = U (R \R"(k_l)) = Gr(n — k,n) x (R™ \Rn(k—l))

n—k dimensional
subspaces of R™

1.3 The effect of the Fourier transform, det V' and det(9; )

We consider the following maps defined on S'(R™*™):

e the Fourier Transform in the sense of tempered distributions, namely

n S/(Rnxn) . S/(Rnxn), K(QD) — A(@%
e the multiplication by the polynomial det V',
det V: &'(R™™) — S'(R™™), (det VA)(p) = A(p),
where, for a function ¢ € S(R™*™),

(V) =det Vop(V).

e the differential operator det(0; ;) of n-th order defined in (1.4),

det(9;,j): S'(R™™) — S'(R™™), (det(d;;)A)(p) = (—1)"A(det(d; ;)¢).

The second and the third operators are parallel in the following sense. For a function
@ € S(R™™), under the identification of T € R™*" with the point v = (vy,...,v,2) € R’
in the space of frequencies,

(det(8;)@) ™ (T) = (2m4)" det TH(T),

hence R
det(0;,;)A = (—2mi)" (det TA) ™. (1.6)

The maps defined above are well behaved when restricted to the vector spaces X/ oyen
and X[ 44, as explained by the following results.

8



CHAPTER 1. Existence and uniqueness results for n > 1

Lemma 21. For o € C, the Fourier transform restricts to a bijection X} — X" In

—a—n-
particular, we have the bijections
-~ n n
T Xa,even — Xfafn,evenﬂ
-~ n n
A Xa7Odd — X

—a—n,odd*

Proof. For a matrix A € GL,(R) and a function ¢ € S(R"*"),

(DR (1) = [ (A ) s v

rexn |det A|7a

1 —27m n
- /... i AP U)e A s det AP U =

1 .
" Jdet AT /R p(U)e A Ons qu =

1 AT
" Jaerarn

—  — __3(B7MY) = (D%3)(T),
G B T = (DB

where B = A~T. Then, for every matrix A € GL,(R) and every function ¢ € S(R™ "),

~

ADR* ) = A(DR*"¢)7) = MDEP).

Moreover, we observe that the map from GL, (R) to itself given by A — A~ is a bijection,
and it respects the connected components, sending GL; (R) to itself. The very definition
of the Fourier transform for tempered distribution and the fact that it is a bijection
complete the proof of the equivalence of the conditions A € X7 ..., and Aexn a—n,even
(resp. the conditions A € X4 odq and Ae Xﬁa7n70dd). In fact, for a tempered distribution

A€ X even U X oaqr let ont GLy(R) — {—1,1} be defined by

oa(A) = (sgn(det 4))P" ),

where par(A) is the parity of A, namely if A is even then par(A) = 0, if A is odd then
par(A) = 1. It is easy to observe that op(A) = op(A™T).
Then, for every matrix A € GL,(R) and every function ¢ € S(R"*"),

(D7°7p) = oa(A)A(p),
(D1 "p) = o5(A)A(p).

Since the Fourier transform defines a bijection on the space of tempered distributions,
we obtain the claim. O

AD5-+@) =ora(ATANG) =
ADSG +2) =0z (ATAD)

=) >

Lemma 22. For o € C, the multiplication by det V' restricts to a map X — X[, 1. In
particular,

detV: X — XZJrLOdd,

a,even

det Vi X[ qq — X1

a+1,even




1.3 The effect of the Fourier transform, detV and det(0; ;)

Lemma 23. For a € C, the differential operator det(0; ;) restricts to a map X} — X7_;.
In particular,

det(f)”) Xn — Xg—l,odd7

) a,even

det(al’]) andd — X"

a a—1l,even:

Proof. The proofs of these two lemmata are parallel, as explained in (1.6), therefore, by
Lemma 21, we can restrict to the case of the operator det V.
For a matrix A € GL,(R) and a function ¢ € S(R"*"), we denote by ¢ 41 the function

a1 (V) = p(A7'V).

Thus we have

—a T 1 1
DZ‘HQ@ V

_ _ -1 _
(V)= W‘Pml(v) = Wdet Vp(A™V) =

= W sgn(det A)p(A™'V) = sgn(det A)DSGB(V).

Then the desired implication follows from the definition of det V' as a map in S&'(R™*™).
Let op be defined as before. Then, for every matrix A € GL,(R) and every function
p € S(R™M),

ADSP) = oa(DA@) = (det VA)(DSp) = oa(4) sgn(det A)(det VA) ().

O]

X’n

a,even

detV

n
a,odd

In the case of the Fourier transform we have bijections because the map

defines a bijection on the set of Schwartz functions.

In the other two cases we have to be more careful. Due to the parallelism between det V'
and det(0; ;) showed by (1.6), we can restrict to comment on det V. A direct consequence
of the proof is that for every matrix A € GL,,(R) and every function ¢ € S(R"*"),

A(DSP) = 0aet va(A)AP) < (det VA)(DG ) = oger va(A) sgn(det A)(det VA) ().

10



CHAPTER 1. Existence and uniqueness results for n > 1

This implies that for A € S'(R™"), if det VA € X (resp. det VA € X[y q4);

a+1,even
then A is homogeneous of degree v and even (resp. odd) when applied to the functions of

the form @, for ¢ € S(R™*™). However, the map
det V: S(R™™") — S(R™™), ¢ — B,

doesn’t define a bijection, in particular it is not surjective. In fact, for every ¢ € S(R™*"),
the function @ is zero on M. This may prevent det V' to define a bijection. For example,
the Dirac delta function J is an element of X", but detVé = 0.

We conclude observing that the maps

det V: Xg — XZ+1> det(@-,j): X;'+1 — Xg,

are trying to be one the inverse of the other.

1.4 Existence results

1.4.1 Outside the critical variety M

The candidates for elements of X are I} .oy, 1]y ,qq defined in (1) in the Introduction.

The following lemma describes the sufficient and necessary condition on a € C to have
local integrability of the homogeneous functions defining them, namely

|det V%, sgn(det V')|det V|*.
Lemma 24. |det V|® € LL (R™™) if and only if Re(B) > —1.

Proof. Let K C R™ "™ be a compact set. We want to study the finiteness of

/ o Jdet(Vig o Vi) Pxx (V) dVig ... dVing,
n Rn

where we can assume that 8 € R. Without loss of generality, let K = B, X --- X Bg, for
some R; > 0, where Bp, is the closed ball in R" centred in the origin with radius R;.

The subset M has measure zero, so we can restrict to R”*™\ M to compute the integral,
and therefore we can assume

R"™ =span{V;1,...,Vin}.

We change the variables to spherical coordinates for V;; € R", obtaining
/ |det(Vig ... Vip)PdVig...dV;, =
BRl X"‘XBRn

= / / det(Vig ... Vin)PdVig...dVi, <

BRQX"'XBRn BRl
Ry )

< / / / (et (eg,, Vi, -, Vin) P VP dry do(6y) dVig ... AV, <

BR2><~~-><BRn sn=1.J0

< R+ / / (det(eg, Vias .., Vin)|? do(6r) dVia ... Vi,
BRQX"'XBRTL Sn—1

11



1.4 Existence results

where in the last inequality we used the fact that the function r%nilHﬁ is locally integrable

if and only if > —n. Moreover, under this condition, we observe that the integral grows
polynomially in R;. From now on we suppose to be in the case § > —n.

We change the variables to spherical coordinates for V; ;11 € R", taking the first j
axes in span{eg,, ... ,egj}. An analogous argument provides

L B \/Sv 1‘det(€917‘/i,27--~7‘/i,n)‘/3d0(01)d‘/;’2.__d‘/z»’n <
R2><‘..>< Rn n—

<[Ir;** /Snl.../sn1|det(691,...,egn)|6da(01)...da(ﬂn).
j=2

We change the angle variables in this way: for 1 < 7 < n, let 0; = 53 + 75, where
Tj € [—g, g) is the angle between ey, and its projection onto the j—1 dimensional subspace
of R" spanned by ey, , ..., €, ;. This angle is the only important part in defining the value
of the determinant. In fact, the question of local integrability boils down to the study of

the finiteness of
s T n
2 2 .
/ / H|sin7'j|5+”7] dry...d7,.

To conclude, we observe that near 0 the integrability of |sin7,|” is the same of |7,|?,

since
. sinT
lim =1.
T—0 T

In particular we have local integrability if 5 > —1.
To prove the other implication, let 8 < —1. Let K be the closure of My N (B2(0) \
B1(0)). It is compact and the integral

/ o fdet(Vig o Vi) Pxe (V) dVig ... dVig,
n R'n

is bounded from below by

us T~ n
2 2 .
c/ / | |(sin7'j)5+”*j dry...dm,

where ¢ > 0. To end the proof, we observe that (sin7,)? is not integrable near 0. O

We recover the existence of an odd tempered distribution in X", by means of a prin-
cipal value integral, exploiting the cancellation property.

Lemma 25. The definition

A(p) = p.v. V) ¥ = lim *V) gy
(©)=pv. [ /

RnXn detv e—0 detV\>6 detV ’

. n
gives a nonzero element of X"y 44

12



CHAPTER 1. Existence and uniqueness results for n > 1

Proof. In the proof we follow the idea of [8]. For V € R™"\ M, let V € R"™*" be defined
by

‘/:ivj = ‘/:L'v.j’ fOI" j # n’
n—1

= Vij:Vin

Vin=2)_ g Vi Vi
]:1 2,]

In particular, we note that

- Z Vig
j=1 |V7]‘

is the component of V;, perpendicular to the hyperplane spanned by {V;1,...,Vi,—1}.
Then

detV = —detV, |Vin| = |Vi

N N 1
<<V —V.V- V>HS> = 2\‘/;,1 /\|(~iéjﬁ/‘\/|Vi,n—1|'

In the case n = 1, for V = x, we define V = — and Vit A+ AVin—1| = 1. We observe
that

p(V) — o(V)

1
A 1 V)dv| < li av =
M)l = E%/|d6w>a dey PV v slm | ey
iy [ [Py [ [l 0 Tl
250 Jaet v e 50 Jaet Ve Vi det V

<2lim Vo(Vii...Vin—aWin)|
e—0 d‘st Vzi ‘Vzl A A W,n—ﬂ

‘ i,n|_

dV+

i anO)(V%,l oo Vin—1Win)|

Vi
+2 hm/i v —
e—=0 Hslt:"ii "/;,n| ‘V;,l ARERIA V;,n—1|

VoVii...VipnaW;
:2/1 | SD( i,1 in—1 1,n)| v+
B W n AT

dV =

) V(Vinl " 0) (Vi - Vin aWin)| oy,
det V>0 '

|w,7L|>1 |‘/;7n’n+1|‘/7/,1 /\ SERAN ‘/’Z,n—l‘

To bound these integrals we observe that

o [Vin|™" ! is integrable over (B1(0));
o [Vit A AVi,_1|™" is integrable over
(Vi Vip—1) € RV [Vig Ao AV | < 13

In the case n = 2 then |Vj; A--- A Vi,n_l\ = \:U| , € R?, which is integrable
over {z € R?: |z| < 1}. For n > 3 the same change of variables we used in Lemma
24 leads to consider the finiteness of

7\'n1

/ / H\smT\ =i dry .. dr_,

which is integrable, since j is at most n — 1.
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1.4 Existence results

We conclude by (1.2), the well known bounds for the integrals of Schwartz functions in
terms of the norms in (1.1), and Proposition 12.
Once proven that the limit is well-defined, the claim about being in X 21, odd 1s trivial.

1 1
AD, ) = lim ATV dV =
( A SO) e—0 |det V|>e ‘det A’n_l det VSO( )
A A
— lim %@(m dU = lim %@(m dU =
e—0 ‘detU‘>\deiA| det U 6—0 |det U|>6 det U
= sgn(det A)A(p).
O

Lemma 26. For Re(a) = —1, a # —1, ngeven and Xo%pdd have at least dimension 1.
PT’OOf. We have Iogz+1,even € X024+1,even’ then det(ai,j)1024+1,even € ng,odd' To conclude we

have to show this distribution is different from zero. Let € D(R?*2\ M) such that n > 0,
n # 0, and define
(V) = [det V[~*n(V).

Then, for o # —1,

(det(D:,5) 1441 even) (1) = [det V| (det(8i,5)7) (V) AV =
R2X2\M

= [ (et(@)lde VIV AV
R2X2\M
:/ (@ + 1)(a +2)|det V|*|det V|~n(V) dV =
R?XZ\M
:(a—l—l)(a+2)/ n(V)dV 0,
R2><2\M

since

det(9; ;) ((det V)P) = (911099 — D1202.1)(V1.1Vaa — ViaVa1)?) =
= 911(B(ViaVas — ViaVe )P 1Wa2)) + 012(B((ViaVas — ViaVe1)? 1Vig)) =
=2B(det V)P~ 4+ B(8 — 1)(det V)#~! = B(B + 1)(det V)71,

An analogous argument holds for X, g’even. O

Remark 27. We conjecture a more general result.

Conjecture 28. Letn > 2. For —n+1 < Re(a) < -1, a ¢ Z, X2 and X2

a,even a,odd have
at least dimension 1.

Upon proving the following identity on R™*™\ M

n—1

det(9;,;)(det V)* = ] (o + j)(det V)*,
=0

an analogous argument yields the conjectured claim.

14



CHAPTER 1. Existence and uniqueness results for n > 1

1.4.2 Inside the critical variety M

We recover the existence of even tempered distributions in X! fora € Z, —n+1 < a < -1
by means of integrals of the restriction of ¢ on M over nk-dimensional subspaces of R"*"
contained in M.

Lemma 29. Forn > 1, for0 <k <n—1, R € GL,(R), the definition

FR,k((P) = /R . SD((‘/i,l e Vji,k O)R) d‘/;'J e de‘,k,

. n
gives a nonzero element of XﬁnJrk’even-

Proof. Without loss of generality we can assume R = I,,. Then, for every R", we split it
into B1(0) C R™ and (B1(0))¢ C R™. For the integral over the subset
K = B{(0) x -~ x B{(0) x (B{™(0))° x ... (B (0))°

we have the bound

/ lp(Vig .. Vig 0)[dVin...dVig =
K
1

dV’71
Vi "V
k—j

j
< Cllelly (/ dV%J) (/ - |Vi,j+1!"1dVi,j+1) ,
B1(0) (B{7(0))°

for some N € N big enough by (1.2). Then |[I'rx(¢)| is bounded by |||y and is well-
defined as an element of S’'(R™*™) by Proposition 12.

The claim about being in X", . is trivial. In fact,

:/ lo(Via .- Vig O)||Viga ™™ [Vig " dVig <
K

1
Fri(Dip) = / (A7'(Vig.. . Vig OR)dViy...dViy =

T A4
rrck |det A|F

= / i (P((Ui,l . U@k O)R) dUz’,l . dU@k = FR,k(QO)a
RTLX

where, for j € {1,...,k}, we changed the variables according to U; j = A1V ;. O

For n = 1, the corresponding tempered distribution in the case kK = 0 is d, the Dirac
delta function, which gives rise to a one dimensional space. On the other hand, for n > 2,

1 <k <n—1, the space X} oy, is infinite dimensional, due to the fact that M}, contains

infinite distinct copies of R™ \ R*(*=1),
We are ready to prove the existence result.

Theorem 30. For Re(a) ¢ [-n+1,—1], X7 and X} ,qq have at least dimension 1.

a,even

Forae {-n+1,...,—1}, X has at least dimension 1. Fora € {—n+1,—-1}, X

a,even
has at least dimension 1. Moreover, for n = 2, for Re(a) = —1, a # —1, X2 and

5 a,even
Xa’odd have at least dimension 1.
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Proof. By Lemma 24, the functions |det V%, sgn(det V')|det V|, are locally integrable
and satisfy the property fBR(0)|f| = O(RM) for Re(a) > —1. Therefore, by Proposition
17, they define nonzero elements of X .en, X5 oqq for Re(a) > —1. By Lemma 21, we
recover the same result for Re(a) < —n+1.

By Lemma 25, we define a nonzero element of XEL odd» and by Lemma 21 we recover the

same result for X"

—n—+1,0dd"
By Lemma 29, we define nonzero elements of Xg ..., fora € Z, -n+1 < a < -1
Moreover, for n = 2, by Lemma 28, we define nonzero elements of Xievem X2 g for
Re(a) = =1, a # —1. O

1.5 Uniqueness result

We say that, for a function f € C®(R™*™\ M), the tempered distribution A € S'(R™*"™)
agrees with f away from M if for every function ¢ € S(R™*"™), supp(¢) "M = &, we have

Mo = [ fwev)av

The behaviour of A € X! on My and M_ is established by the following result.

Proposition 31. Let « € C, A € X!. Then, away from the critical variety M, A agrees
with a function

crdet V< on M, c_(—detV)* on M_, (1.7)

where cy,c— € C. If A is even (resp. odd), then ¢y = c_ (resp. c4x = —c_)

Proof. We note that A defines a distribution A € D'(R"*"™ \ M) as shown in Proposition
11. Moreover, the function |det V|~ is well-defined and smooth on R™*™ \ M. Thus

[ :=|det V| ™A € D'(R™"\ M).

The a-homogeneity of A implies a 0-homogeneity for I. In fact, for every matrix A €
GL; (R), for every function ¢ € D(R™*™\ M),

' —ay 1 N —a
D(D%0) = (et VI~"R) (Dho) = (3 (det VI 9um0) =

1 — —« fe -«
= A(|det V|™*¢) = A(|det V|%¢) = (|det V|*A)(¢) = T'(9).
Therefore for every matrix A € GL;} (R) and every function ¢ € D(R™ "™\ M),
T(D%¢) = T(9).

We consider the homogeneity conditions for the matrices A such that A1 =1, + e E%J,
where, for i,5 € {1,...,n}, E% is the matrix defined by

(E™) . = 0i.16.m,

where 6;; is the Kronecker delta of the couple (7,1). We have two cases for A=l =1, +ecE":

16



CHAPTER 1. Existence and uniqueness results for n > 1

e i =j, then A~! =1, +eE%". The homogeneity condition reads

L((1+e)"pa-1—¢) =0,

for every function ¢ € D(R?*2\ M). We divide by ¢ and we take the limit as ¢ goes
to 0, obtaining

lim T (14 )41 — 9) = 0.

e—0 €

In D(R™ "™\ M), an easy computation shows that

=+ Y Virdixd.

k=1

lim

e—0

(1+e)"¢s1—¢
9

Since T is continuous in D(R™ ™ \ M), then, for every ¢ € D(R" "\ M),

n
r <n¢ + Z W,kéh,m) =0.
k=1
This yields the following equation in the sense of distributions on R™*™ \ M,

Zn: Vi,kai,kf = 0;
k=1

o i # j, then A~ =1, + eE". A similar argument yields the following equation in
the sense of distributions on R™*™ \ M,

n ~
> Vik0ixl = 0.
k=1

Therefore, we obtain the system of equations in the sense of distributions on R™*™\ M,

Z V',k({)i,kf =0, for every (i,7) € {1,...,n}%
k=1

Suppose to order both the variables 817mf and the equations associated to (,7) in the
following way:

(1,1), (1,2), (1,3), ..., (L,n), (2,1), ..., (n,n).

Then the matrix of the coefficients is given by

vV o ... 0
o vV ... 0
. B on R™™\ M.
o 0 ...V
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Now let co(V) denote the matrix of cofactors of V. Its entries are smooth functions on
R™ ™ Therefore, the matrix multiplication

co(V) 0 0 V o 0
0 co(V) ... 0 0 Vv 0
. . . = (det V)]Inz,
0 0 ... co(V) 0 0 ... V

stands for algebraic operations between the equations of the system. We finally observe
that the function detV is always different from 0 on R™*™ \ M, so that we obtain the
system _

0;;I' =0, for every (i,7) € {1,...,n}>.

In the two connected open sets M, M_ we can apply Lemma 19 to obtain that

I'=cy on My, I=c_ on M_,

where cy,c_ € C. Therefore, away from the critical variety M, the tempered distribution
A agrees with a function

ci(det(z y))* on M, c—(—det(x y))* on M_.

The even/odd condition for a matrix with determinant —1, e.g.

_oA—-1 ]In—l 0
A=A _<O _1),

provides us the relation between the two constants. Assume that ¢ € S(R™*™) such that
¢ >0,0#0, supp(¢p) C My. Let 0 =11if A is even and 0 = —1 if it is odd. Then,

[ en@et Vo) av = A@) = oA(D5e) = oA(541) =
= 0/ c_(—det V)*¢(A™V)dV = a/ c_(det U)*¢(U) dU,
_ M.

+

implying c; = oc_. O
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Chapter 2

Classification theorems for n =1, 2

For n = 1,2, Theorem 30 gives an existence result for elements of X ooy X[ oqq fOr
every a € C. The problem of classification is strictly related to the study of tefnpered
distributions I' € X7 supported on the critical variety M.
For example, for Re(a) > —1, let A € X[ ,\e,: by Proposition 31, there exists ¢ € C
such that the tempered distribution
=A—cl? € X}

a,even a,even

n

a,even 1as dimension 1, it

is supported on the critical variety M. In order to prove that X
is enough to show that I' = 0.

An analogous argument holds for XO% odd-

2.1 Thecasen=1

To prepare the proof of the classification result we study the case of I' € X! supported at
the origin. In particular, we have the following result.

Lemma 32. Let o € C, T' € X! such that supp(T') = {0}. Then a = —1—k, k € N and
I' = c0*5, where ¢ € C.

Proof. By Proposition 15, there exist N € N, {¢;}o<i<ny € C, such that
n .
I=> cd.
i=0

Therefore, the Fourier transform f, which by Lemma 21 belongs to X!, is given
by a polynomial function with natural exponents. By Proposition 31 there exists k € N
such that —a — 1 =k, and I = ¢/z¥, where ¢ € C. Hence I = ¢d%4. O

We are ready to prove the classification theorem for n = 1.
Proof of Thm. 3. By Lemma 21, without loss of generality we can assume Re(a) > —%.

By Theorem 30, X! and X é’odd have at least dimension 1, in particular [ é €

a,even
1 1 1
Xa,evenv Ia,odd € on,odd'

,even
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2.1 The case n =1

Now suppose to have A € X By Proposition 31, there exists ¢ € C such that

a,even”

I'=A—cl} qen € X evens supp(I') C {0}

a,even

By Lemma 32, we conclude I' = 0. Therefore X, (;even

An analogous argument prove the claim for X é odd-

has dimension 1.

Proof of Lemma 4. To compute the constant in the first case, we choose the function

2

p(z) =e ™,

for which
e =

To compute the constant in the second case, we choose the function
d(a) = ze ™,

for which

~

6(¢) = —ige™™".
We observe that for § € C, Re(f) > —1, under the change of variable > 0 into \/% ,

o0 o0 -~ 1
/|3L‘|6€_”2 dex = 2/ 2Pe ™ dg = 77_% t%e_t de = ﬂ_%r <ﬂ—2i_> .
R 0 0

Then, for —1 < Re (a) < 0, in the first case we have
[l ag—atr(-5),
R 2

a 1
/‘:U|ae_m2 de=n""2 T <a + ) .
R 2

In the second case we have

a—1

/ sgn(€)|€] N (—i)ge ™ de = —in T T <_a > 1) :
R 2

a 2
/ sgn($)|ﬂi|a:ﬂ6_m2 dz =72 T <0z—21— > .
R

The functions defined on the two open half planes are holomorphic because:

e the exponential function is holomorphic on C;
e the function I' is holomorphic and nonzero on {8 € C: Re() > 0};
e for a fixed function ¢ € S(R), the function

f: {Re(a) <0} = C, f(a) = /R €701 5(e) de,

is continuous and complex-differentiable. Let

g: {Re(a) < 0} = C, g(a) = /R € g (e B(E) de.
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CHAPTER 2. Classification theorems for n =1, 2

For every « in the domain, g(«) is finite. In fact, for @ € {Re(«) < 0} there exists
e > 0 such that a+e € {Re(a) < 0}. Then, |€]°1g(|¢|™") is bounded when |det &] < 1
and |€)°1g(]¢€]) < C|€]* when [¢] > 1. To conclude we observe that

fla) = flao) = g(ao)(e — @) + of|a — a),

by Lebesgue Dominated Convergence Theorem.
The same argument can be used to prove holomorphicity of the function

h: {Re(a)) > =2} — C, h(a) = /ngn(xﬂx\a(p(w) dx.

The two functions coincide on the intersection, therefore they define a holomorphic func-
tion on C. An analogous argument can be used for the other claim about holomorphi-
city. O

2.2 The case n =2
Our strategy is the following:
e in Lemma 33 we characterize the elements of X2 supported at the origin;

e in Proposition 39 we prove that if I' € X2, supp(T') C M, then a € Z, a < 0;

e in particular, for « € {—2,—1}, we produce elements of X2 supported on M in
Lemma 40 and 42, which we will need in proving Theorem 5 and Corollary 45;

e these results allow us to conclude that the spaces X2 X(z odd fora € C, a # —1,

a,even?

and X %1 odq have dimension 1, as stated in Theorem 43;
e finally, we show that there exists no A € X %1,even extending the function m.

Lemma 33. Let a € C, T' € X2 such that supp(T') = {0}. Then a = -2 —k, k € N and
[ = cdet(9;;)*5. Moreover, if k is even (resp. odd) then T' is even (resp. odd).

Proof. By Proposition 15, there exist N € N, {cg}o<|g<n € C, such that

T'= Y cd’.

IBISN

Therefore, the Fourier transform f, which by Lemma 21 belongs to X2 ,, is given
by a polynomial function with natural exponents. By Proposition 31 there exists k € N
such that —a — 2 =k, and [ = d(det V)¥, where ¢ € C, which has the same parity of k.
Hence T' = cdet(0; ;)¥6, and it has the same parity of k too. O
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2.2 The case n =2

2.2.1 The structure of M
Lemma 34. The map

v: (R*\ {0}) x (R/27Z) — M \ {0}, v(w,0) = (wcosf wsinf), (2.1)

is 2-1. Moreover, for every fized 6 € R/277Z, the image of the punctured plane (R2 \ {0}) X
{6} is an orbit of the action (1.5) of GLI on R2*2.

Proof. Let V€ M,V # 0. Therefore the two columns V; 1, V; 2 € R? are linearly dependent
and not both 0. In fact, there exists one and only one 6 € [0,7) such that

sinfV; 1 = cos 6V 5. (2.2)

At least one between cos 6 and sin 6 is nonzero. Without loss of generality we can assume

cos 6 # 0, and the system

1
- Vi 2.3
v cosf (2:3)

has one and only one nonzero solution in R? \ {0}.

Therefore the map (2.1) is surjective. Moreover, if we let § € R/27Z, the linear relation
in (2.2) has two solutions, # and 0 + 7. In the second case, the unique solution to (2.3) is
—w.

The action defined in (1.5) preserves the linear dependence between the columns of
Ve M\ {0}. In fact, for § € R/27Z such that (2.2) holds,

sin HA_lVM = cos 9A‘1Vi,2

Now let v,w € R?\ {0}. Then there exists A € GL] (R) such that A~!w = v. Therefore,
for a fixed § € R/27Z, the set v((R?\ {0}) x {#}) is an orbit of the action (1.5). O

Remark 35. From now on we will write
¢(w,0) = p(v(w,0)),
for the restriction of a function on M\ {0}. Moreover, for a function 1) on (R%\ {0}) x
(R/27Z) and a matriz A € GL] (R), we define
Ya-1(w,0) = YA w,6).

For w € R?\ {0} and § € R/27Z, in the point

M\ {0} > v(w,0) = (

wi cosh  wisind
wycosh wysinh )’

the tangent vectors with respect to the manifold M \ {0} are

?(w,e) — ((3059 sig@)) a(wﬁ) :_< 0 0 )

cos@ sin6

M(w,0) =

1 <—w1 sinf wi cos 9>
|wl '

—w9sinf  wq cosb
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CHAPTER 2. Classification theorems for n =1, 2

Therefore the normal direction with respect to the manifold M \ {0} in v(w, 6) is

ﬁ(w,@) _ 1 < wosinfd  —wo cos@) ’

7@ —wisin®  wycosf

in particular

N(w,0) = N(—w,0 + 7). (2.4)
Lemma 36. For A € GLJ (R), we have
~1
Ma(w,8) == A~ M(w,0) = ‘A| ‘w|]\_/[>(A1w,0),
w
ﬁA(w, 0) = Ailﬁ(w,ﬁ) = n(w, A)ﬁ(Ailw,H) + m(w, A)M(Aflw,ﬁ). (2.5)
. -1 a b
In particular, for A= = o d) ve have
n(w, A) = ‘A|1H1 | det A7,
w
(. A) (b? + d? — a® — A)wyws + (ab + ed)(w? — w3)
’ |w]| A~ w) '
Proof. Let A= = (i Z), then we have the vectors
— _ 1 (—(aws + bwz)sin€ (aw; + bwz) cos
Ma(w,0) = |w| <—(cw1 + dwsy)sin®  (cwy + dwsa) cosf )’
N (w,0) _ 1 ((awg —bwi)sin® —(aws — bwy)cost
AT 0] \(cws — dw) sing —(cwy — dwy) cos)
e TR 1 —(awy + bwy)sin€  (aw; + bws) cos d
M(A™ w, 6) = |A= 1w <—(cw1 + dwy)sin®  (cwy + dwa) cosf )’

ﬁ(Ailw 0) — 1 (cwy + dwy)sinf  —(cwy + dws) cos
A w| \ —(awr + bwa)sin€  (awy + bws) cosf )

First, we observe
A—l
M oa(w,0) — | ’w|w’]\_/[>(A1w,6?).

We also have

N a(w,0) Lys P(A w,0), G(A  w,0).
Since for every (w, ) € (R?\ {0}) x (R/27Z) we have that

{P(Aw,0), G (A w,0), (A w,0), N(A™ w,0)}
is an orthonormal basis of R?*2, then

ﬁA(w, 0) € span{ﬁ(A_lw, 0), ]\—4>(A_1w, 0)}.
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2.2 The case n =2

In particular, -
N a(w, 0) = n(w, AYN (A~ 0) + m(w, A)M(A™,0),

where n(w, A), m(w, A) are independent on 6, since we have the same dependence on 6 in
the corresponding entries of the matrices ﬁA(w, 0), ﬁ(A_l, ), M(A=1,6). We have

1 cwi +dwy  —(awy + bwy)\ (n(w, A) 1 (aws — bw
(- ) (e ) = 7 (s )

|A=1w| \—(awr + bwa) —(cwi + dws) ) \m(w, A) - |w| \cws — dwy

hence

<n(w, A)> 1 (_cwl +dwy  —(aw; + bw2)> (an - bw1> '

m(w,A)) ~ |w||A~ w| \ —(awi + bwz) —(cwi + dws) ) \ cws — dw
To conclude we observe that

(cwy + dws)(aws — bwy) — (awy + bws)(cwe — dwy) =
= (ad — be)(w? + w?) = det A~ wl|?,
—(awy + bwsy)(awy — bwy) — (cwy + dws)(cwy — dwy) =
= (b + d? — a® — A)wiwy + (ab + cd)(w? — w3).

In particular:

1. for A=t = (1 +¢)ly, we have

|w] 2
(w,4) = (e = (1+2),
m(w, A) = 0;
2. for A7t =T + e(EY? — E*1), we have

n(w, A) = o] (1+e?)=V1+e2

ALl
m(w, A) = 0;
3. for A=! =1, + e BV, we have
|w|
n(w, A) = Alw) (1+e¢),
(2e + e2)wrwo
A) = LT E w2
A = T
4. for A= =1y + e EY2, we have
|w|
A= ———
n(w, 4) |A—1w]|’
2 2, .2
W] — EWs5 + e“wi1w2
A) = 1 2
A = AT
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CHAPTER 2. Classification theorems for n =1, 2

Let 0%¢ denote the i-th order normal derivative of ¢ with respect to the manifold
M \ {0}, and 9%,¢ the i-th order derivative of ¢ in the direction M(w 0).

Lemma 37. For A € GLJ (R), we have

(@Rl D5) ™ (w0,) = 1 AMZ() (o, A, AP (9,057 )) (A~ 0).

Proof. For V € R?*2 let Vip(V) be the multilinear map
Vip(V): R¥? x ... x R¥? 5 C

1 copies

such that, for (I,m); € {1,2} x {1,2},
<vz¢<v>, (E(””)l, o E(l7m)i>> = Oty -+ Oty (V)
Then, for A € GLJ (R), we have
<Vi(<pA—1)(V), (E(l’m)l, .. ,E(l’m)i>> - <v1¢(A*1V), (A*lEU’m)l, - A*1E<lvm)i)> .

ab>

In fact, for A=!

Il
7N
o
S

(O1,104-1)(V) = ((ad11 + cda1)p)(AT'V) = (Vp(A™'V), AT EL)
(O1204-1)(V) = ((ad12 + cD22)p)(AT'V) = (Vp(A™'V), AT ED?) |
(O2,104-1) (V) = (6011 + dD2)p)(AT'V) = (Vp(AT'V), AT E®T)
(O2,204-1) (V) = (012 + d2 1)) (AT'V) = (Vp(AT'V), AT E*?)

Thus we have

(OhD50) ™ (0.0) = (orara ( (V0 (4 w0), (Raw.0))' ).

. OB e

_ (detil)aw <(Vig0)~(x41w,0)7 <<ﬁ(A1w,9)>i—j , (ﬁ(Alw,9)>j)> .

Substituting the equality for ﬁ A(w, 0) from (2.5), and exploiting the linearity properties
of Vip(V), we obtain

(0% (D)) (w, 0) = W <(V¢¢)~(A1w,9), (ﬁA(w,9)>i> —
1

" Jdet A|‘“+2

detA (det A)o2 Z( ) n(w, A)Im(w, A)7 (94,057 ) 7) (A" w,6).

<(vi¢)~(,41w,e), (n(w, AN (A0, 6) + m(w, AN (A, e))i>

25



2.2 The case n =2

2.2.2 The a-homogeneous tempered distributions supported on M

We start recalling a theorem from [6].

Theorem 38 (Theorem XXXVII, Ch. III. for (d — 1)-dimensional submanifolds of R%).
Let M be a (d — 1)-dimensional submanifold of R%. For a smooth function ¢ on RY, let
6fv<p denote the i-th order normal derivative of ¢ with respect to the manifold M. Every
distribution I' supported on M admits a unique decomposition into a locally finite linear

combination of the form
k

T(p) =Y Ti(One),

=0

where T'; are distributions in D' (M).

The Theorem is proven locally by a parametrization argument that allows to restrict
to the easier case of a (d — 1)-dimensional hyperplane in R?. The proof in this case follows
the same strategy of the one of Proposition 15. The claim is necessarily “local”: a bound
on the order k of normal derivatives that may be involved in defining I can be obtained
only from N, the index that guarantees the conclusion of Proposition 13, which is local.

Proposition 39. Let a € C, T' € X2, supp(I') C M. Then a € Z, a < 0.

Proof. We note that T' defines a distribution T' € D'(R**2\ {0}) as shown in Proposition
11. Moreover, by Theorem 38, the distribution I' has locally the form

k

T(¢) =Y Ti((@hd)7),

1=0
where T'; € D'((R? \ {0}) x (R/27Z)). By (2.4), we have that
(On¢)~ (w,0) = (Oy¢) ™ (—w, 0 + ).

Without loss of generality we can assume I'; to have the same periodicity, namely, for
every 1) € D((R?\ {0}) x (R/27Z)), we can assume

Fi (¢) = Fi (Tfrw—]b)v

where

T7r¢—1[2 (w’ ‘9) = ¢(—w7 0+ 71').

Therefore all the I'; are determined by their behaviour against the functions 1 € D((R? \
{0}) x (R/2%Z)) such that ¥ (w,8) = Y (—w,H + ).

Moreover, we can restrict to the local case. In fact, the arguments and the techniques
we use are always local, and the global claim can be proven locally.

The a-homogeneity condition for a function ¢ € D(R?*2\ {0}) is given by

k k

D Til(0n9)7) = > Til(On(D%¢) 7).

i=0 i=0
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CHAPTER 2. Classification theorems for n =1, 2

For every j > 0, ¢ € D((R?\ {0}) x (R/27Z)) such that ¥ (w,0) = (—w, d + ), there
exists a function ¢; € D(R?*2\ {0}) such that

{@v@) = for every i > 0, i # j,
(On¢;) "= 1.

In fact, let Q C (R?\ {0}) x (R/27Z) be an open neighbourhood of supp(t) such that
Qc (R2 \{0}) x (R/27Z) is compact. Now let U C R?*2\ {0} be an open neighbourhood
of v(Q) such that on U we can put coordinates R3 x [—¢, ] through the bijection ¢ in a
way that v(Q) C o(R3 x {0}), and

lim o(x,h) —o(z,0)

0 |o(z, h) — o(z,0)] = ﬁ(o‘(:c,o)).

Then, for a function n € D(R?*2\ {0}) such that supp(n) C U, supp(n) N (M \ {0}) D Q
n=1on W C U a open neighbourhood of v(Q2), we define

6;(V) =0 iV ¢ o(R? x [—e,e]),
6(o(x,y)) = (o (x,0)n(o(z,y)) % otherwise.
Thus the normal derivatives GJN of ¢; only depends on the last part. In particular, if ¢ £ j

then (94¢;) =0, if i = j then (¥} ¢;) = 1.
For every ¢ € D((R?\ {0}) x (R/27Z)) such that ¥ (w,0) = (—w, 8 + ),

k k
L) = Z aN¢k ZFZ 8N (Dadk)) ) =
1=0

=0

Ea

1 n(w, A)*
= F A — = F e —— .
= < (0 ) e Ay (o)) ) ((det Az )
We consider the matrices A~! for which we explicitly computed n(w, A):

1. A=t = (1 + ¢)ly, then, for every ¢ € D((R?\ {0}) x (R/27Z)) such that ¥ (w, ) =
w(_wv 0+ 7T)7
Dr(v) = Ti((1 4 ) 2@y,

By a limit argument
L((k +2(a + 2))Y + d1pwy + Oapws) =0

which yields
(k} + 2(a + 2) — 2)Fk = w101y + wo0aT.

2. A7l =1y +¢(EY? — E?1), then an analogous limit argument yields
w1021y, = waOh T'g;

3. A~! =1, + eEY!, then an analogous limit argument yields

2
w
(k+ (a+2) = 1)) — k———T) = w01
wy + w3
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2.2 The case n =2

4. A~ =1y +eE"2, then an analogous limit argument yields

wi1wg
2 Fk = wgale.

s
w%+w2

We obtain locally the following system of equations in the sense of distributions

(k + 2(a + 2) — Q)Fk = w101 'y + wadaly,
w1y = w01 Ty

2
(k + (a + 2) — 1)Fk — kﬁl} = w1011

_ e Wiw2 —
kw%ﬂ%rk wg(‘?ll“k.

(2.6)

For k # —1—aq, there are 3 linearly independent equations, then by algebraic manipulations
we can recover the system

Ol'y =0
0o, =0
Ty = 0.

Let I' € X2, supp(I') C M, a # —1—k. Then, away from the origin, I' agrees with the
zero distribution. Therefore supp(I') C {0}, and by Lemma 33 we prove the claim. O

Lemma 40. Let I' € X2, supp(I') € M. Then T is even and there exists a unique
F € D'(R/wZ) such that

L(p) = (u(F)(p) = F(¢y), (2.7)
where, for every ¢ € S(R?*2),

VY, (0) = / o(v(w,0))dw = / ¢ (wcos wsinb) dw,
R2\{0} R2\{0}

i a smooth mw-periodic function on R.

Proof. From (2.6), we have locally the system of equations in the sense of distributions

w101y + wo0xI'g = 0

w261F0 — w182F0 =0.
By multiplying the first equation by w; and the second by wo and adding them we obtain
the equation

(w? 4+ w3)01 Ty = 0,

in the sense of distributions. Since the function w?+w3 is nonzero on (R?\ {0}) x (R/27Z),
it yields ;g = 0. In an analogous way we prove doI'g = 0.

Then, by Lemma 19, I'g agrees with a constant function locally on every punctured
plane (R?\ {0}) x (R/27Z). Since M \ {0} is connected, we recover a global result on
every punctured plane (R? \ {0}) x (R/27Z), namely, for every ¢ € D(R?*2\ {0}),

I(¢)=G </Rqu(wcos0 wsin6) dw> ,
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CHAPTER 2. Classification theorems for n =1, 2

for G € D'(R/27Z).
An easy computation proves that, for ¢ € S(R**?), ¢, € C*°(R/27Z). Moreover, 1,
is m-periodic, since

wSO(H):/ ¢ (wcosf wsin@)dw:/ ¢ (—wcos —wsinf)dw =
R2

R2
:/R2<p(wcos(6’+7r) wsin(f + 7)) dw = 1y, (0 + 7).

Therefore, we can choose G such that G = 7,G, where, for a smooth 27-periodic

function ¥ on R,
(7=G)(¥) = G(7r1),

for 7x¢(0) = ¥(0 —w). For T € X2, supp(I') C M, let G € D'(R/27Z) such that
I'(¢) = é(l%). We define
G + Tﬁé
Yy
thus 7,G = G, and, since ¥, = 771, we have G(1),) = é(%). In particular, there exists
F € D'(R/wZ) such that

G =

2F(¢s&) = G(¢<p)7

where as an argument of F' the function v, is considered as m-periodic, as an argument
of G as 2w-periodic.

We observe that u(F) defined in (2.7) gives an element of S&'(R?*2). In fact, by
Proposition 13, there exists N € N such that, for ¢ € D(R/7Z), we have

[F(¢)] <C sup sup |p0(6)]-
0<i<N 9eR/nZ

We observe that ]

(85\4@)~(w’ 0) = |’w|l 85@(1”’ 0),

Then, for every 0 € R/7Z,

i) < [ 13330, 0)]dw <

L (i ~ 3
lw|<1

3
Jw|>1 |w|
< Cllell; + C'Nlelliig0

since ’w| = <V(w7 9)7 V(wv 0)>HS
Thus, for every ¢ € S(R?*?),

[(EN ()] < Cllelly -

Therefore pu(F) € S'(R?*2) by Proposition 13.
Moreover, u(F) is even. Consider the matrix A=t = Eb! — E22. Then

Vo (0) = /R2 2 (<vai> cos 6 (Z;) sin 9) dwy dwy =
= /R2 @) <<_wulj2> cos @ <_wu1)2> sin 9) dwy dwy = ¢¢A71 (0)7
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2.2 The case n =2

which yields
(W(EF)) (D3 ) = F(y,_,) = F(y) = (u(F))(9).

Now let T' € X2, supp(I") C M, then, away from the origin, it agrees with some pu(F)
described above. Therefore the difference I' — p(F') is supported at the origin. By Lemma
33 we prove surjectivity.

To conclude the injectivity of the map

p: D'(R/nZ) = T € X2 yen: supp(T’) C M},

we observe that for every 1 € D(R/7Z) there exists ¢ € S(R?*?) such that ¢ = .
In fact, let n € D(R?\ {0}) such that supp(n) C {w € R%: 1 < |w| < 2, wy > 0},
[ (w) dw = 1, n(w) = 5(~w), and define ¢ € D(R?\ {0}) x (R/2Z)) by
)

¢(w, 0) = n(w)y ().

Then let ¢ = ¢y under the construction described in the proof of Proposition 39. ]

Remark 41. In identifying D' (R/277Z) with the topological dual of C*°(R/27Z) there is
the subtle step of having a measure on the manifold R/27Z (see [4]).

Lemma 42. The definition
2T ~
:/ / (aN(P) (w79) dw de’ (2.8)
0 JR2 |wl

, 2
gives a nonzero element of Xy 44

<

Proof. For every ¢ € S(R?*2), we have the bound
<27 sup

2 ~
/ / ()~ (w,0) |
0 JR? |w| 0cR /277

|(Onp) " (w, 0)] |(Onep)™ (w, ) ||w]*
<27 sup (/wqdw—k/u»1 3 dw> <

()| = /R (Onp)”(w,0)

|w]

0cR /277 [w| |w|
< Cllelly + Cllells,

where for |w| < 1 we use the property of local integrability of ﬁ and the boundedness of
|On |, while for |w| > 1 we exploit the fast decay properties of the Schwartz functions.
Then, by Proposition 12, I’ € &'(R?*2).

To show it is nonzero, let ¢ € D(R?*2\ {0}) associated to 1 € D((R?\{0}) x (R/27Z))
such that ¢(w,0) = Y(—w,0 + ), v» > 0, ¢ # 0. Then

2w
['(¢1) / ¢ d dé > 0.
R2 w
To show it belongs to X2,, we observe that, for A € GL3 (R),
2T ~ ~ 1
R2

|wl
271' -1
/ / det A=Y (Onp) ™ (A~ w, ) dwdo+
R2 | A~ 1|
27 ~ —1
b [ [ mn Ao 40, g
R2 [w]
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If we change the variable from w into Av in the first integral, we recover I'(). To conclude,
we observe that

2 ~ 271' 1
/ / m(w, A)(Onp) ™ (A 1w, 0) d 10 _/ / (w, A)Ogp(A™ w, 0) 40 dw —
R2 R2

|w] |w]] A~ w]

(’(U,A) 27 ~ .
— R S R A /) do dw = 0.
/Rz W[ AT J, %PlATw.0)dbdw=0

The tempered distribution is odd. In fact, n(w, A) = | A‘wllw‘ det A=1, thus for A=! =
Bl — E?2? we have n(w, A) = —1. O

Theorem 43. For o € C, a # —1, the spaces X?

a,even’

Xo2¢7odd have dimension 1. The
space X?1 odd has dimension 1.

Proof. By Lemma 21, without loss of generality we can assume Re(a) > —1.

By Theorem 30, we have that the space X2 even has at least dimension 1. Moreover,
for Re(a) > —1, a # —1, we are able to produce an element A such that supp(A) = R?*2.
Suppose to have A’ € X2 By Proposition 31, there exists ¢ € C such that

a,even:
'=A—cAe Xi’even, supp(I') C M.

By Lemma 39, we conclude I' = 0, hence that X g even has dimension 1.
An analogous argument prove the claim for X odd» for Re(a) > —1, o # —1. For
X%LOdd we also need Lemma 40, in particular that i T € X2,, supp(l') C M, then T is

even. O

2.2.3 Non extendibility of |det V| to an element of element of X2

1,even

In this section we prove the following statement.

Proposition 44. There exists no element of le,even that, away from the critical variety

M, agrees with the the function
1

|det V|’

(V)= (2.9)
Proof. We first extend (2.9) to a tempered distribution. Then we analyse what it lacks
for being homogeneous of degree —1. This ”lack” has to be taken care by a tempered
distributions supported on the critical variety M. To conclude we prove that such a
tempered distribution cannot exist.

Consider the following linear functional defined, for ¢ € S(R?*2), by

zy

p(z,y) / pl,y) — oz, Tox)
A ::/ —————dxdy + d du.
) det(e izt 1At @ y)] dettz i<t |det(z, )] y

It is a tempered distribution. In fact we have the following bounds

T
/ _P@Y) g / lp(z, y)| dady < / lo(z,5)] dz dy < Clllls,
|det(z y)|>1 |det( y)‘ |det(z y)|>1 R2x2
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2.2 The case n =2

) Vo) Oy - ol
—/det(:v7éy)|<1 |det(:c,y)| v

Vo(z,y
</ B g ay < el
|det(z y)|<1

||

[ eedvegn
T ay
|det(z y)|<1 ’det(xayﬂ

To prove the second inequality we observe
Ty Ty 2 -y 2
(oo 522 o) o)
| || |z ||
B Y1T2 — T1Y2 2 Y221 — T2Y1 2 B |det(z y)|
=\ 27— t|& P = :
|| || ||

1 (A" e, A7 ly)
det A Jiget(@ yyi>1  |det(z y)

1 sO(A‘lw,A‘ly)—w(A‘lx,l hA” L)
/|det(z y)|<1

We observe that

AD ') = da dy+

dedy =
* det A |det(z y)| vy
= / 7('0(1}’ 2) dvdz+
|det(vz)|> (UZ)‘
(v, 2) — plv, 220)
+ / dvdz =
|det(vz)|<detA ’det(vz)‘
o oo ) oo )
= A(p) + / vdz—
|det (vz)|<1 |det(vz2)]
o(v, ?Avv?zzv)
— / —— ——dvdz.
<|det(vz)|<d ) |det(vz)]
Now we consider the following cases:
1. A= = (1 +¢)ly, then
MD3 ) -~ Atp) = - | 02 gy g,
1<|det(v2)|<(1+¢)2 |det(vz)]

2. A7l =1y +¢(EY? — E*1), then

A(D7 o —A(p——/ Md dz;
Pare) =M =7 | enomietrsen) 1det(e2)]
3. A7 =1, + eEY2, then

A(D5') = A() / PO ?’Z”TQZU)d d
©) = Ap) = vdz;
A |det(vz)|<1 |det(vz)|
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4. A7l = (14 ¢)EN + £ E*2, then

Av-Az )

AD7 ) — A(y) / P ) — P g
SR C N, [det(vz)]

)
v
vl vdz.

If the function in (2.9) was extendible to an element of X ELGVGH, then it would differ from
A for a tempered distribution I" supported on M. In particular this last one should take
care of the “lack” for being homogeneous of degree —1 of A, i.e.

A(D') = A(p) =T () =T(D3').
Therefore we want to differentiate the equation in the four cases:

1. in the first case,

_ / Mdvdz_
1<|det(vz)] <(1+¢)? | det(v2))]
/ / / av) dbdadv =
veR2\ (0} Jacr J1<b<(142)? |b\
—/ / 21og(1 4 €)?p(v, av) dadv =
veR2\{0} JaeR

— / / log(1 +¢)?¢ (weosf wsinh) d dw,
weR2\{0} JOeR/27Z

where we performed the following two changes of variables:

e for v € R?\ {0} fixed,

~ ,Ul _ Y2
2=av+ b 5 ) = |qf,|2 “ , a,b eR; (2.10)
‘ | 29 V2 —W b

e v=wcosf, av =wsinfh, weR?\ {0},0 € (%, %), for which

cos 0 0
Jya(w,0) = 0 cos 0
—wysinf —wssind @
Therefore
D) - T((1+2PFar) = - [[ o1 + 22 Fdwas.

Dividing both terms of the inequality by € and letting € go to 0 yields
(29 + 01pwy + Oepwz) = —2 // pdwds,
in particular we have the following equation in the sense of distributions on (R?\

{0}) x (R/27Z)
—w181F — w282F = 2;
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2.2 The case n =2

2. in the second case, the same argument as in the first case provides

0@ —T((1+e*)@a-1) = //log (1+ &)@ dwdd,

and, by differentiating in €, we have the following equation in the sense of distribu-
tions on (R?\ {0}) x (R/27Z)

w261F — w162F = 0;

3. in the third case we perform the same change of coordinates as in (2.10)

Av-Az

/|det(vz)|<1<p <v7 mj?ie;(jzgr Aol v> dvdz =

[ o (v tin) —o (o (o oiietiiig)e)
veR?\{0} Ja€R J|b|<1

|b]

Differentiating inside the integral yields

d30(v, av)b of lvzvl Oso(v, av)b™L |v2v2
[ ] ; s
veR2\ {0} Jaer Jjpj<1 |b] |b]

We finally observe that in both of summands we have the dependence on b given by
% = sgn(b) and we are integrating over the interval |b| < 1 symmetric with respect
to the origin.

Therefore we have the following equation in the sense of distributions on (R?\ {0}) x
(R/27Z)

wgalr = O;

4. in the fourth case, the same argument as in the third case provides the following
equation in the sense of distributions on (R?\ {0}) x (R/27Z)

wlall“ — wgagr =0.

Therefore, away from the origin, I' has to satisfy the following system of equations in the
sense of distributions,

—w181P — w282P =2
woh I + w102 = 0
woI'=10

w101 — weOrI' = 0,

which is equivalent, through algebraic manipulations, to

w o' = —1
wolbl' = —1
w1 I =0
w10 = 0.
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It has no solutions. In fact, for example for 1 € D({w € R?: wjws > 0} x (R/27Z)), in
general we have

27
0= wodh I(Y) = —w AT (—Zﬁ«ﬁ) / /R 2w, 8) dw dé # 0.

2 W1

A priori our T" only depends on the values of ¢ and its tangential derivatives with respect
to M. However we can easily observe that the lack of A from being in X2, only depends
on the values of the function on M. Therefore assuming a distribution locally of the form

=0

the computations we made in studying a-homogeneous distributions supported on M
implies that n = —1 —a = 0. In fact, for ¥ € D((R?\ {0}) x (R/27Z)) such that
Y(w,0) = Y(—w, 0 + ), for i > 0, let ¢; such that (Ip;)~ = 0 for j # i, (Oydi)™ = 1.
Then, for every matrix A € GLJ (R),

A(¢i) =MD ¢5),

so that T';(¢0) = 0 for every ¥ € D((R?\ {0}) x (R/27Z)) such that ¥ (w, ) = ¥ (—w, 0 +
). O

We are ready to prove the classification theorem for n = 2.

Proof of Thm. 5. By Lemma 21, without loss of generality we can assume Re(a) > —1.
We distinguish two cases:

° Xg ovens Xi,odd for Re(a) > —1, @ # —1, and XELOdd;

0X2

l,even-

In the first case, the spaces have dimension at least 1 by Theorem 30, which a posteriori
provides the explicit generators, and they have dimension 1 by Theorem 43.
In the second one, let A € X%Leven. By Proposition 31, away from M, A agrees

with the function c|det V|_1, for some ¢ € C. By Proposition 44, we have ¢ = 0. Hence
supp(A) C M, and by Lemma 39 we conclude the classification result. O
2.2.4 Corollaries

Corollary 45. Let a € C, A € X2, A #0. Then supp(A) C M if and only if one of the
following conditions holds:

e acZ, a<l =2
e a=—-1,and A € le,even'

Proof. The necessary condition follows from Lemma 39 and Lemma 40.
The sufficient condition is proven by the following argument.
By Theorem 43, the spaces X? ng,odd’ for « € Z, o« < —2, have dimension 1.

a,even’

35



2.2 The case n =2

For a = —2, we have two explicit generators, namely the Dirac delta function § for
X2 the tempered distribution I" defined in (2.8) for Xg’odd. They both have support

a,even’

inside M. R N
By Lemma 21 and Theorem 43, 6 = 1 € Xg,even and I' = csgn(det V) € Xgoddv for
c € C\ {0}. For k € N, the generators of X? X,f’odd are defined by applying k

k,even’
times the map described in Lemma 22 to the tempered distributions associated to the

functions 1 and sgn(det V). By (1.6), generators of X2 XE2—k,odd are obtained

—2—k,even’
by applying k times the map described in Lemma 23 to § and I". To conclude, we observe

that supp(det(9; ;)A) C supp(A).

The claim about A € X?2 follows by Theorem 5. O

1,even

Corollary 46. The Fourier transform of the tempered distribution A defined in (2) is
—A. For F € D'(R/nZ), the Fourier transform of u(F) is

—

W(F) (@) = F(1¢y),

where TP, (0) = P, (0 — 5).

Proof. The first claim follows by the fact that A € le,odd’ and this space has dimension
1 by Theorem 43. Since we have A € X2, .qq by Lemma 21, thus there exists ¢ € C\ {0}
such that A = cA. Let o(z,y) = det(z y)e‘”“”’y‘Q, for which @ = —¢. Then

cA(p) = Aly) = A(@) = —A(y),

and ¢ = —1.

For the second claim, we use the well known result that integrating a function on a
subspace is equal to integrating the Fourier transform of the function on the perpendicular
subspace. Since

cos (9— g) =sind, sin (9 — g) = —cosb,

we have
v ((R2\{0}) x {6}) Lus v (R2\ {0}) x {6 - 21).
Thus

W(F)(e) = F (/R2g5(wcos0 wsin ) dw> -

([ o toeos (6= 5) wsin(o- 1) dw) = F(re)

Corollary 47. For a € C, the map
det(@i,j): Xi — Xifl
defines a bijection with inverse

det V'

—: X X
ala+1) "ot = Aa

except for the cases:
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o a =0, then
det(; j)(1) = 0, det(d;;)(sgn(det V) = 8x2cu(1),

where ¢ € C\ {0}, but the map is not surjective;
e a=—1, then

det(@iyj) <p. V. detV) = 471’25, det(aivj)(u(F)) =0

for every F € D'(R/7Z).

Proof. By Lemma 21 and (1.6), it is enough to consider the case Re(a) > —1.
Let a ¢ {—1,0}. By Theorem 5, the spaces X2 have dimension 2, and we show
generators whose support is R2*2. Away from M, as seen in the proof of Lemma 26,

det(d; )|det V|* = a(a + 1) sgn(det V)|det V>~

Multiplying by det V' we obtain a(« + 1)|det V|*. Thus the maps are bijections, and one
is the inverse of the other. An analogous argument holds for sgn(det V')|det V|*.

For a = 0, we have trivially det(9; ;)(1) = 0. On the other hand, let I" be the tempered
distribution defined in (2.8). By Corollary 46 and (1.6) we have

det(0; ;) (sgn(det V') = det(ai,j)(cf) = —4r’c(det VT) "= 872 cu( ) = 8m2cu(1),

where ¢ € C\ {0} since the Fourier transform of sgn(det V) is a nonzero element of X%, ...
which is generated by I'. To prove the second to last equality, we observe

- det (w(w,0) + N (w,0) )
(OnD) ™ (w,0) = (Onp) ™ (w,0) + lim .

w1C089—€| |sm9 w1s1n0+5‘ ‘COSH
o] €ul ©

gZ(w, 0) =

wo cosf + e sinf  wosinh — os 6
e—0 5
thus
2w
0
(det V)™ ( / ON) " (w.) 1, 49 —
R2 |w]

2 —|w|p(w R
_ / / ZlwlB0.) g = 2(u(1))(3) = —20D)(0).
0 R2 ]w|

The map is clearly not surjective because it goes from a 1-dimensional space to an infinite-
dimensional one.

For a = —1, let A be the tempered distribution defined in (2). By Corollary 46 and
(1.6) we have

det(8;;)A = —det(8; )N = 472 (det VA) "= 47°1 = 4n?6.
On the other hand,
det(8;,7)(u(F)) = det(9;,5) (u(F)) "= —4n*(det Vu(F)) "= 0,

since for every ¢ € S(R?*?2), then @ is zero on M. O
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2.3 Proof of Lemma 6

2.3 Proof of Lemma 6

Proof. To compute the constant in the first case, we choose the function
90(x7 y) — eiﬂl‘x7y|2’
for which

Q/O\(é_”r]) = 6_7‘—‘5’77|2’
det(; ;) p(@, y) = 4n* det(x y)e vl

To compute the constant in the second case, we choose the function
2
$(w,y) = det(x y)e ™™,
for which

B(&,m) = —det(€ me TN,
det(9; j)p(,y) = 4r*(det(x g/))2<3_7r|3"”y|2 - 27r]:n,y\26_7r|x’y|2 + 2e =l

We need to compute the value of some integrals, namely

Lemma 48. For 8 € C, Re(8) > —1, then
2 1 1
/ |det(x y)|’b7f3_7r|"’”"y|2 dedy = n717°0 (B + ) T <) T (ﬁ_‘_) ,
R2X2 2 2 2
2
/ det(z y)|°|z,y2e ™= dady = 772 P (5 + 2)T (M>
R2x2
Then, for —2 < Re (@) < —1, in the first case we have

(12, oven) () = / det(€ )|~ 23(€, m) d¢ dn =
RQXQ

_ —a—2 —7r|§777\2 _ 04+1F _g T 1 T _a+1
[, et mi e e’ agag — et v (<) 1 (5 — )

(Aet(D:.1)12 11 0aa) () = /

RQ

4 1
= 4772/ |det(x y)\o‘ﬂefﬂx’y‘2 dedy = 4n 7' T (a + > r <> r <a + 3> :
Rz 2 2 2

In the second case we have

ldet(w y)|"* sgn(det(z y)) det(Dh) (v, y) dw dy =

(124 20da) " (9) = / sgn(det (& n))|det(§ )|~ ?G(¢,n) dgdy =

R2%2

—a—1 —7 2 a —1 1
——/RQXQIdet({ )|~ temEM dedy = —7 r(-O‘Q )r(z)r(_‘;‘>_
a+1 a+1 1 «
-2 " F<_ 2 >F<2>F(_2>’
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(Aet(0,) 2 1 ven) (8) = [ | et )| det(@s,)0(z ) dr dy =

= / det(z y)|*™ (472 (det(z y))Qe*”‘x’y‘Q — 27T|x,y]267”|x’y|2 + 2€7ﬂ-|m’y‘2) dzdy =

R2x2

a9 a+5 1 a+4 a+3 1 o+ 2
= 4T I'(=- )T -2 r I'(=-)I
7T[<2)(2>(2 (a3 = 2 2 )t

e (S5 (e (22)
2 2 2
o+4 1 a+3

=2(a+1)r T r(=)r

e () () (%)

where we used the property, for Re(g8) > —1,
BT() =T(5 +1). (2.11)

The functions defined on the two open half planes are holomorphic because:

e the exponential function is holomorphic on C;
e the function I' is holomorphic and nonzero on {# € C: Re(5) > 0};

e for a fixed function ¢ € S(R?*?), the function

f:{Re(a) < -1} = C, f(a) ;:/

RQ

|det Y| ~*23(T) dY,
X2
is continuous and complex-differentiable. Let
g: {Re(a) < -1} = C, g(a) ::/ |det Y|~ 2 1g(|det Y| HB(T) dY.
R2x2

For every « in the domain, g(«) is finite. In fact, for @ € {Re(a) < —1} there exists
e > 0 such that a+e € {Re(a) < —1}. Then, |det T|°Ig(|det Y| 1) is bounded when
|det Y| < 1 and |det Y| 1g(|det Y|) < C|det Y|** when |det Y| > 1. To conclude we
observe that

fla) = flao) = g(ao)(a — ag) + ol — al),
by Lebesgue Dominated Convergence Theorem.
The same argument can be used to prove holomorphicity of the function

h: {Re(a) > =2} —» C, h(«a) == / sgn(det V)|det V[>T det(8; ;) (V) dV.

R2%2

The two functions coincide on the intersection, therefore they define a holomorphic func-
tion on C. An analogous argument can be used for the other claim about holomorphi-
city. O

Proof of Lemma 48. For Re(f) > —1 the integral is well-defined by Lemma 24.

/ |det(z g/)|ﬁe_”|:"”y|2 dedy = 2/ (det(x y))ﬁe_”m’y'2 dzdy =
R2x2 M

+
= 2/ / (det(x y))ﬂe_”|y|2 dy el dg.
e€R2\{0} /{yeR?: (zy)eMy}
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2.4 Proof of Corollary 8

For a fixed z € R?\ {0}, we change the variable y into

() =m () 6)

Y2 |z| \z2 11 b)"

We have |y|2 =y? +y3 = a®+b?, det(z y) = b|z|, dy; dy2 = dadb. Moreover, (x,y) € M,
if and only if {(a,b) € R x (0,00)}. Then,

/Ragdet(x y) el dr dy = 2 /w\{o} /R/o (bfel) e dbda 7717 dr.

We change the variable z into spherical coordinates. Thus,

/szzldet(:r y)|ﬁe_7r|9”’y|2 dedy = 87r/0 /0 /0 (b'r)ﬂe_”b2 db ™™ da e r dr =

o0 oo oo
= 877/ pPHle=mr? dr/ e’ da/ Be ™ db =
0 0 0

(o.9) o0 [0.9]

:8777r_§1/ t2etdt Wél/ u"ze " du 77_6211/ s e ds =
2 0 27 0 2 0
2 1 1

— 7187 p+2 ri=lr pt+1 )

2 2 2

For the second claim we proceed with the same changes of variables, obtaining

/szldet(fb )P |z, yPe™™eW dz dy =

= 8 /0 /0 /O Or) P (2 + a2 +02)e ™ db e ™ da e rdr =

= () () (5 () () () +
(5757

=1 2P+ 2)T (%”) r (;) r <52H> .

In the last equality we used the property (2.11). O

2.4 Proof of Corollary 8

Proof. We prove the uniqueness of the Fourier transform of the tempered distribution
A € S'(R®) defined in (3) in the Introduction. First of all, we study the properties of A
corresponding to the ones of A:

e the modulation invariance is equivalent to the translation invariance in the space of
frequencies. For a vector b € R?, a function ¢ € S(RY), define

Ty3(€,m,¢) = B(E — b,y — b, ¢ = b) = Myp(&, 7, ).
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Then
A(Typ) = ATyp) = AM_3) = A(@) = A(y),

for every vector b € R? and every function ¢ € S(RS),

e the invariance (4) for A € GL2(R) is equivalent to the property
AL Bap) = A (1 Bap) = AB,r3) = AG) = A(p)
[det A] A7) T P \Jdev A 7AY) T AT m A AL

for every matrix A € GL2(R) and every function ¢ € S(RS).

We differentiate the equality associated to the translation invariance in the directions

v; = (w1, wi,wr),
vy = (we, wa, ws),
where w1, wy € R wy = (1,0), wy = (0,1). For € > 0, we consider the equalities
ATeop) = AMe),  forie{1,2},
for every ¢ € S(RY). Dividing by ¢ and taking the limit as & goes to 0 we obtain
Ay, A =0, for i € {1,2}.

Therefore, by Lemma 18, we can assume A to be of the form

where F € §'(R?*?), and ¢ € S(R?*2) is defined by

- <x1 :c2> o / <<a + 1 + x2> (a - x1> (a - x2>> dadb
P\ w) thp b+yr+y2) \b—y1/) \b—1u2 ’
Now we observe that for a matrix A € GLg(R) and a function ¢ € S'(R®),

1 ~ [T1 X2
B =
et 4] Ba®) (yl yz)

1 1 1 fa+ x4+ 22 1 (a—x 1 (a—x9
= A1 A A dadb =
det A |det A] Rﬁ’( <b+y1—|—y2>’ b—yi )’ b—ys ) )¢

_ 1 S 1 ({x1+ T2 s\ ,-1(T1 S\ -1 (T2 .
~ det A R2¢<(t>+A <y1+yz>’<t> 8 <y1> t> A\ )=

1 r x ~(x1 T
(7)) ()
det A" < <yl Y2 AP\

Hence, we have
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Now let € D(R?) so that supp(n) C Bi(0), [zgan = 1. Then, for every ¢ € S(R**?),
there exists ¢ € S(RY) such that

(3 )-o 2
Y1 Y2 4 vy y2)’

oz +y+ avy +bvg) = ¢ <a?1 xz) n(a,b).
yr Y2

The function is clearly smooth, while for the boundedness of the Schwartz norms is enough
to observe that, on the support of ¢,

namely

|z 4y + avy + bvg|® < 2022 + y? + 22 + y2 + 2120 + Y1y + 1).
Thus the equality above implies that
F(Dy'¢) = F(¢),

for every matrix A € GL2(R) and every function ¢ € S(R?*2).
Therefore F' € le odd» and we conclude uniqueness up to multiplication by a constant
by Theorem 5. O
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