GRADUATE SEMINAR ON APPLIED LOGIC (S4A6) SS 2023

Diophantine applications of o-minimality

Instructor. Philipp Hieronymi (hieronymi@math.uni-bonn.de)
Time and Place. Fridays 12.15-14, N0.003

Organizational Meeting. Tuesday July 16th 10.15am N.003
If you want to give a talk, send me (Philipp Hieronymi) an email by 26.7.2024 indicating which
talks you are interested in. If possible, list at least three topics.

Abstract. In this seminar we cover the basics of some of the recent applications of o-minimality.
In particular, we study the Pila-Zannier strategy and use it to give a new proof of Manin-Mumford
[10]. We then develop the theory of complex analysis in o-minimal structures in detail, following
Peterzil and Starchenko [9]. These results are then used in Tsimerman’s new proof of Ax’ theorem
[13]. We finish by studying the beginnings of the o-minimal GAGA theory following Bakker’s notes

-

In addition to giving a talk, each participant (who wants to get credit) is required to submit a 4 or
more page summary of their topic prepared using latex.

Prerequisites. This seminar is designed for students who have taken V/A7 - Advanced Mathe-
matical Logic I in Summer Semester 2024. Thus we assume knowledge of o-minimal structures,
in particular cell decomposition and the Pila-Wilkie theorem. We try to keep the assumptions on
background knowledge from arithmetic/algebraic geometry as minimal as possible.

Talks.

(1) Pila-Zannier strategy and Mann’s theorem (1 talk)
Present a proof of Mann’s theorem [11, Theorem 2.1] using the Pila-Wilkie strategy. Follow
the argument in [I4, Chapter 1].
References: Scanlon [11], Marker [3], Valle Thiele [I4]

(2) An introduction to abelian varieties (1 talk)
Introduce the theory of abelian varieties. Follow [, Sections 2-3] and/or [14, Section 2].
Do not attempt to give proofs, but rather cover all definitions and theorems necessary for
the next talk.
References: Orr [4], Valle Thiele [14]

(3) An o-minimal proof of Manin-Mumford (1 talk)
Follow [12] Section 5.1] to give a proof of Manin-Mumford over a number field. Black
box Ax’s theorem (but state it in the appropriate generality) and Masser’s theorem, but
otherwise try to give full details.
References: Scanlon [12], Pila-Zannier [10]
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(4) Counting Lattice Points and O-Minimal Structures (1-2 talks, optional)
Motivate and prove [2, Theorem 1.3]. Assume knowledge Section 3 of [2], and black box
Section 2 of [2] if necessary. Focus on the use of o-minimality.
References: Barroero and Widmer [2]

(5) O-minimal complex analysis of one variable functions (2-3 talks)
Cover [0, Section 3.1] including the proofs of [9, Theorem 3.2] from [5]. Skip all material
already covered in Adv. Math. Logic I.
References: Peterzil-Starchenko [9] [5]

(6) O-minimal complex analysis of functions of several variables (2-3 talks)
Cover [9], Section 3.2] including the proofs of [0, Theorem 3.5] from [6, Section 2]. Do not
cover [0, Section 3].
References: Peterzil-Starchenko [9], [6]

(7) O-minimal Chows (2-3 talks)
State the classical Chow Theorem. Prove the o-minimal Chow over R following [Il Section
1.3]. Now prove [9, Theorems 4.5 and 5.3] in the general setting. This can be achieved by
covering Sections 1-5 in [7].
References: Peterzil-Starchenko [7, [8), 9]

(8) A proof of the classical Ax-Schanuel using O-minimality (1-2 talks)
Explain the equivalence of the different formulations of Ax—Schanuel [13], Theorems 1.1-1.3],
show how to deduce Ax-Schanuel-Weierstrass, and then give the proof from [I3] Section 2].
References: Tsimerman [13]

(9) Definable GAGA (2 talks)
Introduce definable topological spaces [I, Section 2] and the definabilization functor [II
Definition 2.1.5]. Then cover basic definable analytic spaces [, Section 2.2] and definable
analytic spaces [I, Section 2.3], and introduce the analytification functor. State the general
version of o-minimal Chow [I, Corollary 3.4.4] and prove it using a finite definable affine
cover.

References: Bakker [1]
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